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Abstract— Satisfying safety constraints in reinforcement
learning (RL) is an important issue, especially in real-world
applications. Many studies have approached safe RL with the
Lagrangian method, which introduces dual variables. However,
applying a trained policy with the optimal dual variable to a
new environment can be hazardous since the optimal value of
the dual variable, which represents a level of safety, depends
on the environmental setting. To this end, we propose a new
framework, dual variable actor-critic (DVAC), that solves the
safe RL problem by simultaneously training a single policy
over different safety levels. We introduce a universal policy
and universal Q-function, which have a dual variable as an
argument. Then, we extend the soft actor-critic so that the
universal policy is guaranteed to converge to the Pareto optimal
policy sets. We evaluate the proposed method in simulation
and real-world environments. The universal policy learned
with the proposed method ranges from extremely safe to high
performance according to the dual variables, and is nearly
Pareto optimal compared to policies learned with the baseline
methods. In addition, the agent is able to adapt to environments
with unseen state distributions without additional training by
identifying a suitable dual variable using the proposed method.

I. INTRODUCTION
Reinforcement learning (RL) has been successful in var-

ious applications, including Atari games [1], [2], [3] and
robot manipulation [4], [5], [6]. However, transferring an RL
policy trained in simulations to real-world environments is
difficult due to the lack of safety satisfaction, such as safe
human-robot interaction, power consumption, and collision
avoidance. To address this challenge, we can extend the
RL problem to a constrained problem with explicit safety
constraints, called safe reinforcement learning. A constrained
Markov decision process (CMDP) [7] formulates a safe RL
problem, enforcing to maximize the sum of rewards while the
expected sum of discounted costs is below a given threshold.

To solve the safe RL problem, the Lagrangian approach
[8], a classical method for solving constrained optimization
problems, has been widely used [9], [10]. This approach
transforms a CMDP problem into an unconstrained one by
introducing dual variables [9], [10] , followed by a alterna-
tive update of policies and these variables via primal-dual
optimization. However, the Lagrangian methods have two
critical issues. First, the optimal policies and dual variables
depend on environmental settings, such as the initial state
distribution and obstacle density, making them not adaptable
to other environments; it can be considered not robust to
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environmental changes. For example, a navigation policy
optimized for rural areas may not be safe in crowded urban
environments. Second, policies can only be trained for a
single safety level at once. Generally, a value of the constraint
threshold corresponding to a desired safety level is not known
in advance. If a trained policy is dangerous or overly cau-
tious, we need to retrain a policy with a different threshold
to match the desired safety level, which is burdensome.

To address these issues, we propose a dual variable actor-
critic (DVAC) framework for efficiently solving the safe
RL problem over a wide range of constraint levels. In the
proposed framework, we introduce a universal policy and
universal Q-function, a novel policy and Q-function that
take a dual variable as input. Since each dual variable
corresponds to a different level of safety, we can generate
policies with various safety levels after training by feeding
proper dual variable inputs to the trained universal policy. To
train the policy and Q-function, we propose universal policy
evaluation and improvement. Through this iteration, we the-
oretically confirm that the universal policy, evaluated with a
uniform convergence guarantee, is updated and converges to
a Pareto optimal one. Practically, we parameterize universal
policy and universal Q-function with a single network. In
addition, we provide a search method to find a suitable dual
variable in a new unseen environment using binary search,
estimating the cost return with the universal cost-Q-function.
The search method can efficiently find a policy that matches
a user-specified safety level.

We evaluate DVAC for safe navigation tasks in simulation
and real-world environments. The experimental results show
that the universal policy trained by the proposed method can
adapt to a wide range of safety levels by adjusting the dual-
variable input. A policy set generated by applying diverse
dual-variable values to the universal policy forms a nearly
Pareto optimal frontier, which is as safe as, or safer than,
safe RL baselines. The proposed dual variable-search method
produces a policy with a 9% lower cost sum in safety-critical
crowded environments and a 6% higher reward sum in sparse
environments, where safety is not as critical, compared to a
naive approach. In the Jackal real robot experiment, DVAC
achieves a reward sum, which is compatible to other safe RL
baselines, while keeping its cost sum below 21% of other
methods. The main contributions are threefold:

• We propose a new framework to solve safe RL that
learns a universal policy over various degrees of safety
constraints. To the best of our knowledge, this is the first
work that can adapt to different constraint thresholds or
environments after training using the universal policy.

• We prove that the universal policy converges to the
Pareto optimal policies through the proposed universal
policy iteration.

• We evaluates DVAC in a number of experiments both in
simulation and real-world environments. Empirical ex-
periments demonstrate the effectiveness of the proposed
method for various safety levels.



II. RELATED WORK

A number of methods have been proposed for training a
RL agent considering cost constraints. Achiam et al. [11]
have proposed a method that optimizes a policy within a
given trust-region. Kim and Oh [12] have proposed a trust
region based method which utilizes the upper bound of
conditional value at risk (CVaR) as a constraint function for
the safe RL problem. Although trust-region based methods
guarantee monotonic performance improvement for each
policy update, they can be computationally expensive as the
evaluation the Fisher information matrix and the second order
Taylor expansion is mandatory in the optimization process.
Ha et al. [8] have introduced a method that treats constrained
RL problems as an unconstrained policy optimization prob-
lem by introducing a Lagrangian multiplier. Tessler et al. [10]
have proposed a PID-Lagrangian method, which stabilizes
the update process of the Lagrangian multiplier to prevent
oscillations and cost-overshoots during training. However,
the above methods do not consider multiple constraint level
concurrently.

From another point of view, the safe RL problem can
be considered as a multi-objective RL problem. Under the
multi-objective RL setting, several works have studied to
balance the trade-off from the conflicting objectives and learn
policies over multiple preferences using a single network
[13], [14]. Huang et al. [15] have proposed a framework that
integrates multi-objective RL and constrained RL, where the
dual variable in Lagrangian based safe RL can be interpreted
as preference between the cost and reward. Despite the
effectiveness of the above methods, they are unable to au-
tonomously determine a suitable preference, or dual variable,
adapting to an alternation of environmental distribution shift
or constraint threshold.

III. PRELIMINARIES

A. Constrained Markov Decision Process
A constrained Markov decision process (CMDP) [7] is

a mathematical framework, which can be used to de-
scribe a constrained RL problem. A CMDP is a tuple
(S,A,P, R, C), where S is a state space, A is an action
space, P : S×A×S → R is a transition model, R : S×A →
R is a reward function, and C : S×A → R is a cost function.
The expected return of the reward is defined as follows:

Jπr := Eπ

[ ∞∑
t=0

γtR(st, at)

]
, (1)

where an initial state s0 is sampled from ρ0. Similarly, the
expected return Jπc of the cost is also defined as (1), but
using costs instead of rewards. The goal of the constrained
reinforcement learning is to maximize the expected reward
return while limiting the expected cost return:

maximize
π

Jπr s.t. Jπc ≤ d, (2)

where d ∈ R≥0 is a threshold for the constraint.

B. Primal-Dual Optimization
The dual problem of the constrained RL problem (2) is

defined as the following min-max problem:

(π∗, λ∗) = argmin
λ≥0

max
π

L(π, λ), (3)

L(π, λ) = Jπr − λ(Jπc − d), (4)

(a) (b)

Fig. 1: Feedback loop in safe RL. (a) In traditional La-
grangian approach, the dual variable λ is updated according
to the expected cost return Jc. When λ is updated, the objec-
tive of policy π also changes. (b) In the proposed framework,
we illustrates policy and Q-functions with respect to the dual
variable. Every training episode, λ is randomly sampled from
a predefined distribution. Each λ has a corresponding safety
level, so we can get a universal policy that can be applied
to multiple safety levels after a single training.

where λ ∈ R≥0 is a non-negative dual variable, which is
also called a Lagrange multiplier. Constrained reinforcement
learning is known to have zero duality gap under the Slater’s
condition [16], which implies that the optimal policy π∗ for
the dual problem (3) is also optimal for the primal one (2).

For a given dual variable λ, maximizing (4) is equivalent to
maximizing the expected return Jπλ of the Lagrangian reward
R̂λ : S ×A → R, which are defined as:

R̂λ(s, a) := (R(s, a)− λC(s, a))/(1 + λ), (5)

where the factor 1/(1 + λ) is multiplied to scale the La-
grangian reward.

C. Soft Actor-Critic
Soft actor-critic (SAC) is an off-policy RL algorithm

first introduced by Haarnoja et al. [17]. SAC is an actor-
critic algorithm that learns a stochastic policy π and a
soft Q-function Q : S × A → R. The soft policy iteration
in SAC consists of soft policy evaluation and soft policy
improvement.

In the policy evaluation step, the soft Q-function for
the policy π is computed through the following Bellman
operator:

T πQ(s, a) ≜ R(s, a) + γEs′∼P(·|s,a)[V (s′)], (6)
V (s′) = Ea′∼π(·|s′)[Q(s′, a′)− α log π(a′|s′)]. (7)

Here, α is a temperature parameter that determines the
relative importance of the entropy term , which encourages
exploration. In the policy improvement step, the policy is
trained to approximate the distribution proportional to the
exponential of the soft Q-function.

IV. PROPOSED METHOD

Existing Lagrangian methods find an optimal policy and
dual variable by solving the min-max problem (4). Since the
policy and variable influences each other in order to solve
the min-max problem in the training process. As the dual
variable and policy are updated in order to satisfy a given
constraint, it is challenging to consider another constraint
threshold after the training process. We propose a dual
variable actor-critic (DVAC) for solving constrained RL by
illustrating policy and Q-function with respect to the dual
variable, as shown in Figure 1. We aim to find the λ-optimal
policies and Q-function for any value of the dual variable



λ. We extend the actor-critic algorithm with the universal
policy π(a|s, λ) and universal Q-function Q(s, a, λ).

A. Dual Q-Function
Given a dual variable λ, the dual Q-function Qπλ : S×A →

R can be defined as:

Qπλ(s, a) = Eπ

[ ∞∑
t=0

γtR̂πλ(st, at)|s0 = s, a0 = a

]
, (8)

where

R̂πλ(s, a) = R̂λ(s, a) + γαEs′∼P(·|s,a)[H(π(·|s′))], (9)

where the Lagrangian reward R̂λ is defined in (5). Consider
a λ-optimal policy π∗

λ that maximizes the dual Q-function.
Since the λ-optimal policy π∗

λ depends on the dual variable λ,
the Q-function Q

π∗
λ

λ , which evaluates the λ-optimal policy,
nonlinearly depends on λ. We define the optimal dual Q
function Q∗ : S ×A× R≥0 → R as:

Q∗(s, a, λ) = Q
π∗
λ

λ (s, a). (10)

We also define the optimal universal policy π∗(a|s, λ) as
π∗
λ(a|s). Notice that the dual Q-function Q∗(s, a, λ) and

optimal universal policy π∗(a|s, λ) has the dual variable λ
as an argument.

B. Soft Universal Policy Iteration
We propose universal policy evaluation and universal

policy improvement by extending the SAC algorithm [17],
which can compute an optimal universal policy by iteration.
In the universal policy evaluation step, we aim to estimate
the dual Q-function for a given universal policy. The dual Q-
function can be computed from any function by repeatedly
applying a modified Bellman operator T π , defined as:

T πQ(s, a, λ) ≜ R̂λ(s, a) + γEs′∼P(·|s,a)
[
V (s′, λ)

]
, (11)

V (s′, λ) = Ea′∼π(·|s′,λ)
[
Q(s′, a′, λ)− α logπ(a′|s′, λ)

]
. (12)

In the universal policy improvement step, we update
the universal policy from πold towards the target policy
distribution:

πtarget(·|s, λ) ∝ exp

(
1

α
Qπold

(s, ·, λ)
)
. (13)

The universal policy is updated to πnew by minimizing the
KL-divergence from the target policy distribution:

πnew(·|s, λ) = argmin
π′∈Π

DKL
(
π′(·|s, λ)

∥∥πtarget(·|s, λ)
)
. (14)

Here, the target policy distribution is projected to a set of
distributions Π, which can be a parameterized family of
distributions.

C. Theoretical Analyses
In this section, we provide theoretical analyses of univer-

sal policy iteration, dual Q-function, and optimal universal
policy. We assume that the number of elements in the action
space A is finite. This assumption is required to guarantee
that the Shannon entropy of the policy function is bounded.

Following a universal policy π, we define the universal
Q-function Q : S ×A× R≥0 → R as:

Q(s, a, λ) = Eπ(·|·,λ)

[
∞∑
t=0

γtR̂πλ(st, at)|s0 = s, a0 = a

]
, (15)

where

R̂πλ(s, a) =
1

1 + λ
R(s, a) +

λ

1 + λ
C(s, a)

+ γαEs′∼P(·|s,a)[H(π(·|s′, λ))]. (16)

Similar to Yang et al. [13], we define a distance between
two universal Q-functions by the uniform metric.

Definition 1: Consider two bounded functions Q,Q′ : S×
A × R≥0 → R. The distance between two functions are
defined as :

D(Q,Q′) = sup
s∈S,a∈A,λ∈R≥0

|Q(s, a, λ)−Q′(s, a, λ)|. (17)

Note that D(Q,Q′) is always finite since Q and Q′ are
bounded.

Lemma 1: Let Q, Q′ be bounded functions from S×A×
R≥0 to R. Then, D(T πQ, T πQ′) ≤ γD(Q,Q′).

Proof: From (11), T πQ(s, a, λ) is equal to

R̂λ(s, a) + γEs′∼P(·|s,a),a′∼π(·|s,λ)[Q(s′, a′, λ)]

− γαEs′∼P(·|s,a),a′∼π(·|s,λ)[logπ(a
′|s′, λ)] (18)

=R̂πλ(s, a) + γEs′∼P(·|s,a),a′∼π(·|s,λ)[Q(s′, a′, λ)]. (19)

For all s ∈ S, a ∈ A, λ ∈ R≥0,

|T πQ(s, a, λ)− T πQ′(s, a, λ)|
=
∣∣γEs′∼P,a′∼π

[
Q(s′, a′, λ)−Q′(s′, a′, λ)

]∣∣ (20)
≤γEs′∼P,a′∼π

[
|Q(s′, a′, λ)−Q′(s′, a′, λ)|

]
(21)

≤γD(Q,Q′). (22)

Thus, D(T πQ, T πQ′) ≤ γD(Q,Q′).
Lemma 1 states that the Bellman operator T π is a con-

traction on a metric space with a uniform metric.
Theorem 2: (Universal Policy Evaluation.) Consider a

bounded function Q0 : S × A × R≥0 → R and define
Qk+1 = T πQk. Then the sequence Qk will uniformly
converge to the universal Q-function Qπ as k →∞.

Proof: By the Banach fixed point theorem, the sequence
will uniformly converge to a unique fixed point. Applying the
Bellman operator to the universal Q-function Qπ confirms
that it is a fixed point.

Note that Theorem 2 differs from the analyses for SAC
[17] in that it addresses various dual variables and states that
the convergence is uniform with respect to the dual variable.

Theorem 3: (Universal Policy Iteration.) Iterations of uni-
versal policy evaluation and improvement allows any univer-
sal policy π to converge into an optimal universal policy π∗

with respect to a dual variable λ.
Proof: Similar to soft policy improvement in SAC,

the universal Q-function increases with universal policy
improvement. By repeating universal policy iteration, the
universal Q-function converges to some universal Q-function
Qπ∞

that satisfies Qπ∞
(s, a, λ) ≥ Qπ′

(s, a, λ) for all
π′ ∈ Π, s ∈ S, a ∈ A, λ ∈ R≥0. Therefore, policy π∞(·|·, λ)
is λ-optimal for any dual variable λ ∈ R≥0.

Ignoring the entropy term by assuming that the tempera-
ture parameter α is zero, the Q-function decomposes into a
reward-Q-function and a cost-Q-function as follows:

Qπ(s, a) =
1

1 + λ
Qπr (s, a)−

λ

1 + λ
Qπc (s, a). (23)

Since the λ-optimal policy π∗
λ maximizes Qπ , Jπ

′

r ≤ J
π∗
λ

r or
Jπ

′

c ≥ J
π∗
λ

c always holds for any dual variable λ and policy



π′. This implies that the optimal universal policy represents
the Pareto frontier.

Proposition 4: A cost Q-function Qπ
∗
λ
c (s, a) for λ-optimal

policy monotonically decreases with respect to dual variable
λ.

Proof: From definition, λ-optimal policy π∗
λ maximizes

Q-function, Qπ
∗
λ = (Q

π∗
λ
r −λQπ

∗
λ
c )/(1+λ). Consider λ, λ′ ∈

R≥0 such that λ ≤ λ′. Then,

Q
π∗
λ
r − λQπ

∗
λ
c ≥Q

π∗
λ′
r − λQπ

∗
λ′
c , (24)

Q
π∗
λ′
r − λ′Qπ

∗
λ′
c ≥Qπ

∗
λ
r − λ′Qπ

∗
λ
c . (25)

Subtract two equations.

(λ′ − λ)(Qπ
∗
λ
c −Q

π∗
λ′
c ) ≥ 0, (26)

which leads to Q
π∗
λ
c ≥ Q

π∗
λ′
c . Here, inputs s, a are omitted

for convenience.
Corollary 4.1: Expected cost return J

π∗
λ

c for λ-optimal
policy monotonically decreases with respect to λ.

Similarly, expected reward return also decreases as the
dual variable increases. These relationships show that a trade-
off between safety and performance exists and is related to
the dual variable. It means that the expected cost return can
be reduced by applying a smaller dual variable. Moreover,
increasing the dual variable within the limit allowed by the
expected cost return leads to a higher expected reward return.

D. Searching Dual Variable after Training

To sample actions from the learned universal policy
π(·|s, λ), we need to determine which value of the dual
variable λ to use. Since this value can be determined after
training the universal policy, one naive way to decide the
dual variable is by testing all possible values.

In this paper, we propose a method to automatically search
optimal dual variable λ∗ for a given constrained threshold d.
Since the expected cost return Jπ

∗
λ

c for the λ-optimal policy
π∗
λ decreases with respect to the dual variable λ according

to Corollary 4.1, the optimal dual variable λ∗ satisfying
J
π∗
λ

c = d can be found easily with the binary search. Here, the
expected cost return Jπ

∗
λ

c can be computed as the expectation
of the dual cost-Q-function Qc(s, a, λ) = Q

π∗
λ
c (s, a):

J
π∗
λ

c = Es∼ρ0,a∼π∗
λ(·|s)[Q

∗
c(s, a, λ)], (27)

where ρ0 is initial state distribution. Here, dual cost-Q-
function can be trained similar to the dual Q-function. See
section IV-E for details.

Estimating the expectation can be challenging due to the
lack of information on the initial state distribution ρ0 in
a new test environment. To address this issue, we propose
two practical methods for estimating J

π∗
λ

c using dual cost-
Q-function. The first method is to sample states from the
replay buffer saved during the training process. The second
method uses the dual cost-Q-function for the latest states.
The latter approach has the advantage that it is applicable
even if the initial state distribution is different during training
and testing. In this method, the dual variable may change at
each environment step, so an exponential moving average is
performed to ensure stability.

E. Dual Variable Actor-Critic
Practically, we parameterize the dual Q-function, the dual

cost-Q-function, and the universal policy with neural net-
works. θ, ψ, ϕ are the parameters of the dual Q-network
Qθ, the dual cost-Q-network Qψ

c , and the universal policy
network πϕ, respectively.

We sample state-action pairs (s, a) from the replay buffer
D and dual variable λ from a prior distribution Λ. Then we
update the parameters θ, ψ of the dual Q-networks Qθ, Qψ

c
to minimize the following Bellman residuals:

LQ(θ) = E(s,a)∼D,λ∼Λ

[
1

2
(Qθ(s, a, λ)− Q̂(s, a, λ))2

]
, (28)

Lc(ψ) = E(s,a)∼D,λ∼Λ

[
1

2
(Qψ

c (s, a, λ)− Q̂c(s, a, λ))
2

]
, (29)

with the target value

Q̂(s, a, λ) = T πϕ

Qθ̄(s, a, λ), (30)

Q̂c(s, a, λ) = T πϕ

c Qψ̄
c (s, a, λ), (31)

where θ̄ and ψ̄ are exponential moving averages of the
parameters.

To avoid underestimation of the cost-Q-function, we use
additional loss, called conservative loss. Inspired by Kumar
et al. [18], the additional loss increases the cost-Q-function
for actions that are not in the replay buffer. The conservative
loss Lcc for updating the cost-Q-network Qψ

c is defined as:

Lcc = Lc + E(s,a)∼D,λ∼Λ

[
Qψ
c (s, a, λ)

]
− Es∼D,λ∼Λ,a∼πϕ(·|s,λ)

[
Qψ
c (s, a, λ)

]
. (32)

The universal policy parameter ϕ is trained to minimize
expected KL-divergence in (14). Since the temperature pa-
rameter α and the normalization factor are independent of
the action, the loss becomes:

Lπ(ϕ) = E
[
α log(πϕ(a|s, λ))−Qθ(s, a, λ)

]
, (33)

where s ∼ D, λ ∼ Λ, and a ∼ πϕ(·|s, λ).
The complete algorithm for training DVAC is described

in Algorithm 1. To summarize, the DVAC algorithm trains
a dual Q-network, a dual cost-Q-network, and a universal
policy network by sampling state-action pairs and dual
variables as inputs. The dual Q-network and dual cost-Q-
network are updated to minimize the Bellman residual, while
the universal policy network is trained to minimize the KL
divergence with the exponential of the dual Q-network. The
universal policy network can sample actions based on the
state with a dual variable. The dual variable is randomly
sampled for each training episode to collect the replay buffer.

V. EXPERIMENTS

In this section, we evaluate the proposed method in various
environments with different tasks and robots, to answer the
following questions:

• Can DVAC learn a universal policy that ranges from
extremely safe to high performance according to the
dual variables?

• Is the universal policy learned via DVAC Pareto optimal
compared to the policies from the baseline methods?

• Can we identify a suitable dual variable to adapt to
environments with unseen state distributions?

• Is it feasible to transfer the policy learned from simu-
lated environments to the real world using DVAC?



Algorithm 1 Dual Variable Actor-Critic (DVAC)

Input: θ1, θ2, ψ, ϕ
1: θ̄1 ← θ1, θ̄2 ← θ2, ψ̄ ← ψ
2: D ← ∅
3: for each iteration do
4: λ′ ∼ Λ
5: for each environment step do
6: at ∼ πϕ(·|st, λ′)
7: st+1 ∼ P(st, at)
8: D ← D ∪ {(st, at, r(st, at), c(st, at), st+1)}
9: end for

10: for each gradient step do
11: θi ← θi − ηQ∇̂θiLQ(θi) for i ∈ {1, 2}
12: ψ ← ψ − ηc∇̂ψLcc(ψ)
13: ϕ← ϕ− ηπ∇̂ϕLπ(ϕ)
14: θ̄i ← τθi + (1− τ)θ̄i for i ∈ {1, 2}
15: ψ̄ ← τψ + (1− τ)ψ̄
16: end for
17: end for

(a) (b)

Fig. 2: Jackal platform and real-world environment. (a)
Jackal real-world environment, (b) Jackal robot. We installed
a LiDAR with a 270-degree field of view on the robot.

A. Safety Gym Environments

The simulation experiments are conducted using four
environments in Safety Gym [19] with some modifications
based on the works of Kim and Oh [12] and Liu et al. [20].
Two types of robots, Point and Car, are used for two
tasks: Goal and Button. In the Goal task, robots move
to a series of goal positions without entering hazards. In the
Button task, robots press a series of goal buttons without
entering hazards, pressing wrong buttons, and colliding with
moving Gremlins.

The environments are compatible with the PointGoal1,
CarGoal1, PointButton1, and CarButton1 from the
original Safety Gym except the following three modifica-
tions. First, the goal position is provided in the state directly,
not in LIDAR form, for a more realistic setting. Second,
we use cost function C(s, a) = sigmoid(10 · δ), where
δ is the minimum distance (positive or negative) to the
area to be avoided. Third, the positions of the button and
Gremlin are deterministic in the Button task. Especially
for the PointGoal environment, we also test a policy in
environments where the number of obstacles are different
from the number of obstacles used in during training.

B. Jackal Environments

The sim-to-real experiment is to move a Jackal [21] robot
to a series of goal positions while avoiding walls, static
obstacles, and dynamic pedestrians. Figure 2(b) shows the
Jackal robot platform used in experiment, including a LiDAR
installed with a range of 270 degrees. In this experiment, we
train the agents in the MuJoCo simulator and evaluate in

Fig. 3: Average reward and cost sums of the policy trained.
For DVAC, green marker is evaluated by applying the
searched dual variable on the trained universal policy.

the real world without additional training. Figure 2(a) show
images from simulation and the real-world experiment. This
environment is similar to the one from Kim and Oh [12]
except for the dynamic pedestrians. Each episode has up
to six obstacles and up to three pedestrians. For safety, we
immediately end the episode and add an additional cost if
the robot approaches a wall or obstacle within 0.2 meters.

C. Baselines
We compare the proposed method with three safe RL base-

lines: SAC-PID, CPO [11], and off-policy TRC (OffTRC)
[12]. Like the proposed method, SAC-PID is a Lagrange-
based approach based on SAC. Inspired by Stooke et al.
[10], SAC-PID controls the dual variable with a PI controller.
CPO and OffTRC are a trust region-based method that en-
sures monotonic policy improvement by constraining policy
updates within a trust region. For fair comparisons, we use
the cut-off point of CVaR for OffTRC to one, which makes
the CVaR constraint become an expectation constraint, like
other methods. We trained all of the baseline methods for
8e6 environment steps in the Safety Gym environment and
for 4e6 environment steps in the Jackal environment.

D. Results
Figure 3 shows the average sums of rewards and costs

of the trained policies in the Safety Gym environment.
The green line shows the result of the proposed algorithm,
tested across a wide range of dual variable. Note that in
DVAC, repeated training is not required for testing each
dual variable, as it learns the universal policy. The proposed
method learns a diverse set of policies, ranges from an
extremely safe policy with an average cost sum of 10.1 to
a high-performing policy with an average reward sum of
28.0 in the PointGoal environment. The proposed method
forms a frontier that is as safe as the safe RL baselines
in PointGoal, CarGoal and CarButton environments.
However, frontier formed with our method is less safe
and less efficient than the baselines in the PointButton
environment. As it is difficult to gain low cost sum while
completing the task in PointButton environment, the
proposed method is unable to learn the entire wide-ranged
universal policy. The green markers represent the results of
applying dual variables found using the method described in
Section IV-D using replay buffer. In all four environments,
the average cost sum was below the threshold and above
63% of the threshold.



TABLE I: PointGoal adaptation results. The table presents
a comparison between the two dual variable-search methods,
described in IV-D. Agents are first trained in PointGoal
environments with eight hazards and then adapt to the sparse
and crowded PointGoal environments, where four and
twelve hazards exist, respectively.

Reward Sum ↑ Cost Sum ↓
Method Sparse Crowded Sparse Crowded
Replay Buffer 24.2 13.4 12.4 36.6
Latest State 25.8 11.1 17.2 33.2

TABLE II: Jackal experiment results. The table shows the
result of the safe RL comparison on the Jackal environment.
Sparse, Crowded, and Real stands for sparse simulation,
crowded simulation, and real-world environment. The sparse
simulation environment includes two obstacles and no pedes-
trians, while the crowded simulation environment includes
two obstacles and four pedestrians.

Reward Sum ↑ Cost Sum ↓
Method Sparse Crowded Real Sparse Crowded Real
SAC-PID 24.5 22.3 26.1 19.8 83.8 27.6
CPO 22.6 20.8 22.8 18.4 81.4 27.5
OffTRC 22.9 19.8 27.4 12.0 69.8 17.6
DVAC 21.0 17.9 25.0 16.1 68.4 3.7

The SAC algorithm with a fixed dual variable of λ =
0.6 achieves a reward sum of 9.0, a cost sum of 17.2,
and a Lagrangian reward sum of 2.6 in the PointGoal
environment. Applying λ = 0.6 to the universal policy
learned by DVAC results in a Lagrangian reward sum of
4.6, which is 1.8 times higher than that achieved by the
SAC algorithm, despite both algorithms being trained with
the same number of environment and training steps.

Table I shows the results of the proposed methods us-
ing different methodologies when finding the dual variable,
trained from PointGoal environment and evaluated with
different numbers of obstacles. Compared to the method
using a replay buffer, the method using the latest state
achieves a 9% lower cost sum in a crowded environment
where safety is critical. Conversely, in a sparse environment,
the method using the latest state achieves a 6% higher reward
sum. This demonstrates that the method using the latest state
adapts to changes in the environment.

Table II shows the results in Jackal environment. Here,
DVAC uses a latent state to determine the dual variable.
In the real-world environment, DVAC achieves a reward
sum, which is compatible to other safe RL baselines, while
keeping its cost sum below 21% of other baselines.

VI. CONCLUSION

In this paper, we have proposed DVAC, a dual variable
actor-critic, which finds optimal universal policy over a wide
range of the dual variable. Under DVAC, the balance between
safety and performance can be controlled by choosing the
appropriate value for the dual variable. Our proposed method
has learned a universal policy that ranges from extremely safe
to high performance according to the dual variables. Fur-
thermore, the agent has been able to adapt to environments
with unseen state distributions by identifying a suitable dual
variable with the proposed method.

The proposed method has a limitation in that it does not
guarantee safety during the training process. In particular,
since random dual variables are used to collect trajectories,
unsafe policies are often executed even in the later stage of

training. Future research may explore strategies for sampling
dual variables to reduce this risk while collecting trajectories.
Also, this paper does not address multiple constraints while
we believe that a similar approach can be applied.
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