Supplementary Material for
Dynamics-Aware Metric Embedding:
Metric Learning in a Latent Space for Visual Planning

Mineui Hong!, Kyungjae Lee?, Minjae Kang!, Wonsuhk Jung?, and Songhwai Oh'

APPENDIX

In this manuscript, we present detailed proofs of the theo-
rems in the paper.

I. PROBABILISTIC REACHABILITY

In this section, we show that the proposed reachability mea-
sure can be estimated by training a conditional discriminator.
Before we present the proofs, we first summarize the definition
of the reachability measure we proposed. We first define a
random walk as a stochastic process {X{W, X5V ...}, such
that,

X3V = fons(XEY uy), where ug ~ Unif(U).

We then define the probabilistic reachability, p% (z'|z) for
7, x € X as,

K

pic(a’la’) = 3 POXEY € Bu(a!) X = '),
k=1

where B (27) := {z € X |||z — 272 < e}

The proposed reachability measure can be estimated by train-
ing a conditional discriminator, D(z'|z) : X x X — [0, 1], to
minimize the following loss function:

K
L@; D) =) Barnpyu, [~ log(D(a'|))]
k=1

Byt [~ log(1 = D)),

where o’ ~ pxwv), indicates that 2’ is sampled at the k-
th step of a random walk starting from x and px denotes
the prior distribution. As we denote the optimal discriminator
which minimizes (1) by D*(2'|z), we can show the following
proposition.

6]

Proposition 1. The optimal discriminator D*(x'|x), which
minimizes (1), satisfies,

K
D k—1 pxﬁw\z(x/)
Yohe P () + px (/)
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D*(z'|x) =

Proof. By taking derivative of (I) with respect to D(z'|z),

dL(x;D) _ZK: pxev |, (27) L px(@) o
oD(z'|x) Pt D(z'|x) 1—D(2'|x)
At D(2'|z) = D*(a2'|z), the derivative in becomes 0.
Therefore,
K /
—1 DXRW | (T
D) = Sk

_ |
S v pa(@) + px (@)

O

Then as we let ¢ < 1, the reachability p% (z'|z) is approx-
. . K /
imately proportional to )", pxav|,(z'). Consequently, we
can estimate the reachability as:

D (a'])

=D

P (@']x) =

II. COMPLETENESS PROOF OF DAME PLANNING

Algorithm 1 DAME Planning

Input: current state, x¢, goal state, Zgoq.

Initialize: ¢t < 0

while 2, ¢ Bc(240u) do
Ut 4 argmax, ¢y P (Tgoal| [ (24, 1))
Tpg1 — ftrans(zt’ut)
t—t+1

end while

Return: {ug,uq,- -

autfl}

In this section, we theoretically verify the intuition that the
proposed reachability represents the dynamical closeness be-
tween states, by showing that a planning algorithm (Algorithm
[I) which maximizes reachability to the goal can always find
a trajectory to reach the goal.

First, we define a goal-conditioned greedy policy 7*
X x X — U, which takes a control signal maximizing the
reachability to the goal at each time step:

T (24| T gour) := argmax pi (Tgoa|Te+1),
ur€U 3)
subject to w41 = f™" (x4, uy).

We can now start our investigation with two assumptions on
the smoothness and controllability of ftns:



Assumption 1. The forward dynamics function, f" : X x
U — X, is Lipschitz continuous on X and U, i.e.,

k., ku>0, Such that Vy zex uaecu,
||ftrans(j7u) — ftrans<x’u)||2 < fﬁ;pH.f? — m||27

||ftrans(x’,a) — f[rans(l'ju)HQ < /{u”a — 'U,||2

Assumption 2. The given goal state T g0 is reachable in K-
step from all x € X, and an agent stays in Tq.q after it reaches
Zgoals i-€.,

VmoeXu HUO’... K _1EUs such that xx = Zgoal,

where 11 = f"™(zk, ur), Vi—o,... K—1-

Using the definition of 7* and Assumption [T]and [2] we can
now show the following lemma:

Lemma 1. Consider w* defined in and let x4y =
frems (e, 7 (2¢|Tgomr) ), where [ is a forward dynamics
model and satisfies Assumption [I] and [2| Then the following
inequality is satisfied, unless x € Be(Zgoa)-

P (Tgoat|T1+1)
. 1 (g — 1)e Kt
> o) + gy { Vo (<K-1>>} |

where Vy(r) denotes the volume of a d-dimensional ball with
radius .

Proof. We first show that,

Ve X, P(XRY € B, (240a) XX = 2)

.1 v (Ko — 1)e K-t
92d, (K1) | ' Fcu(fiffl Y :

With Assumption 2| we let u¥ ;o | := {u}, - ,u%_,} be a
sequence of controls, such that, 77, = %o, Where 27 = x and
xy = f" (x5, uy), for k=1,---, K — 1. Then consider a
new sequence of controls {@y,- - ,%x—1}, such that,

1)e

i — ufflo < —F2 =

ko(kE1—1)
and the corresponding sequence of states, {Z; =z, -+ , Tk }.
Then by Assumption [I]
- - Ky —1)€
18 — a3l < mallis — o]y < L2
Kz -1
123 — 23]l2 < Kullte —u3|l2 + Kal[Z2 — 25]]2
(ke — 1)e
———— (1 + Ky
f@'f_l - 1( l)
K—2
- - Ky — 1)e
s = wclla = ok — zalls < SETTE 3wl =
K-1_

which indicates that, by sampling each wu; from
{ueu‘ ||u—u’,§|2<ﬁ((';§(_11)51)? we can  let
T € Be(Zgou). Therefore, we find that,
P(XR € Be(wgoa) | X7V = 2)
1

>/ / 7du1...duK71

Bs(uk_4) Bs(ui) el
S 1 Vi, )\
— 9dy(K—-1) 2dy,
B 1 v (ke — 1)e Kt
~ R U G T ) ’
where

Ky — 1)e N .

0= _ (ke —le Bs(up) ={uel | ||lu—up|| <d}.

(kK71 - 1)

Now, considering z € & — B(Tgoum) and 2z’ =
S (z, 7 (] Tgou ) ), We show that,

P (Tgoa|2’)

. 1 (kg — 1)e K-t
> Pl (Tgoul |7) + 22d, (K1) Va, M ;

(ke ™ =

as following:

. 1 v (kg — 1)e K=t
P (Tgou| ) + P E-D |\ T o)

= ZP(X%W S Be(xgoal)‘xlfw = x)
k=2

N 1 v (ke — 1)e K=t
92d, (K1) | /% R (RET 1)

~ PXEY € Be(agou) XEY =2) = 0)

/

K
1 rans
— [ G [0 POKEY € Bl XEY = (o)
k=2

1 (Ko — 1)e K=t
st (o ()} o

K+1

< /u ﬁ (Z P(XRY € Be(zgou) | X5 = f"ans(xau))> du

k=2
( Yuelu, P(xl}(\’il € Be(xgoal)|X§W = ftrans($7u))

1 (ke — 1)e K=t
> g (% (e n)) )

K
< P(XEY € B ()| XEY = £ (@, 7" (o gou)))
k=1

= pk (xgoal‘ml)
O
From Lemma [I] we can finally show that Algorithm [T]

is complete, i.e., greedy planning based on the reachability
reaches the goal state within a finite time.



Theorem 2. (Completeness of Algorithm [I) Consider a for-
ward dynamics model f" and a given goal state Tgpq € X,
which satisfy Assumption[I| and 2] respectively. Then an agent
controlled by m will reach B(xgoq) in at most ty. of time
steps, where

—(K-1)
b = 22(E=D ¢ {Vdu < ((/—@a;(_ll)el)>} .

Ko (K

Proof. Note that,
Vo € X — Be(Zgoa)s

K
. “)
P (Tgoul| ) = ZP(X};W € Be(xgoal”X?W =z) < K,

k=1

since, P(XRY € B(2gom)| XYW =2) < 1.
Assuming that, Algorithm [I] is not finished until ¢ =

—(K-1)
22du(K-1) ¢ {Vdu <M> } , then by Lemma

I{u(lﬁg_lfl)

P (Tgoull 1)

1 (e = e 1"
>thH{Vdu(W>} =

which is a contradiction to @) Therefore, Algorithm |I| must
be finished, before the maximum time step,

—1)e —(K-1)
¢ :22du(K_1)K{V (("%)} )
max dy :‘iu(:‘ifil _ 1)

O
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