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In this appendix, we prove Theorem 1, 2, 3, 4 and Corollary 1 in the main paper.

A Regret Lower Bound for Robust Upper Confidence Bound

In this section, we prove Theorem 1 in Section 3, which derives the lower bound of the expected
cumulative regret of robust UCB [4]. First, we recall Assumption 1 in the main paper.

Assumption A.1. Let {Y;};2 | be i.i.d. random variables with the finite p-th moment for p € (1,2].
Let v, be a bound of the p-th moment and y be the mean of Yy,. Assume that, for all 6 € (0,1) and n

number of observations, there exists an estimator )A/n(n, Vp, 0) with a parameter 1 such that

1-1/p 1-1/p
P(YWW;/Z)(W) ><5, P<y>yn+yg/p(mng/5>) ><5,

Assumption provides the confidence bound of the estimator }A/n. Note that }A/" = Yn(n, Vp, 0 )
requires v, and 0. By using this confidence bound, at round ¢, robust UCB selects an action based on
the following strategy,

ay ;= arg maj‘( {ftfl,a + V;/P (77 ln(tQ)/nt,La)l_l/p} (A.1)
ac

where 7;_; , is an estimator which satisfies Assumption with 6 = t~2 and n¢_1,, denotes the
number of times a € A have been selected. Under the strategy (A.T]), we prove Theorem 1 in the
main paper.

Theorem A.2. Assume that truncated mean, median of mean, and Catoni’s M estimator are employed
to estimate the rewards. Then, there exists a K-armed stochastic bandit problem for which the regret
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of the robust UCB has the following lower bound, for T' > max (107 [7’]’((;11))} ),

E[R7] > Q ((K In(T)) "7 T%) . (A.2)

Proof. The proof is done by constructing a counter example. We construct a K -armed bandit problem
p=1

. e . . . 1 —
with deterministic rewards. Let the optimal arm a* give the reward of A = v» (M) !
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p—1

1 — .
whereas the other arms provide zero rewards. Note that A < v» (M) ” < 1 and the estimator
T2
we used satisfies 7, < Allla = a*] for all a since rewards are A or 0 in this MAB problem. Let E;

be the set of events which satisfy

(K — 1 T
S g VKD ey T
p=1 1 p=1\ p=1
(R N RS
If P(E;) <1/2forsomet € [1,---,T)], then, the regret bound is computed as follows,
1 (6] 1 C 1 C
E[Rr] > SE[R:|Ef] > AR > nea|Ef| > SAE > ni1a|E; (A.3)
aF#a* aFa*
A T v p—1
> — = Y (K —1)In(T))F T, (A4)
—1\ p—1 p—1\p-1
(14557 ) 2(1+5)7
Hence, if P(E;) < 1/2 for some ¢t € [1,---,T], then, the lower bound holds. On the contrary, if

P(E;) > 1/2forallt € [1,--- ,T), then, the proof is done by showing P(a; # a*) >  fort > t,
where

; 14 2T n 2T T4
0 := max 7y
K-1 p=1\ p-1
S(E-1) (14+55)"
Note that T > t( holds since T > % +1>1+ 5(12(T_1) + 2T holds for T > 10 and

()
T > /T holds. In other words, {t € [1,...,T] : t >t} is not empty.
Before showing that P(a; # a*) > 1 holds, we first check the lower bound. When P(E}) > 1/2

holds forall ¢t € [1,--- , T, if P(a; # a*) > % holds for ¢ > ¢, then, the lower bound of the regret
can be obtained as follows,

AT —t
E[Rr] > A P(a #a*) > ( 5 0) (A.5)
t=to
A 2 2
=" min| [1- - — | T-1,T71-T"7%) (A.6)
2 5(K — 1) 21\ 521
(1+5 z )
A )
22min<(1—5—5)T—1,T(1—T—%)> (A7)
where the last inequality holds since K — 1 > 1 and (1 + 5%) pj > 5. Then, by T' > 10,
A 2 2
2m1n<<1—5—5)T—1,T(1—T5)> (A.8)
> %mm (1—T_1,1—T_2) (A.9)
1
= vy (n(K —1)In(T))7 T* min (5 —T—1,1—T—z> (A.10)
1 1 p=1 1
=17 (K —=1)In(T)) » T>. (A.11)

Note that ;5 < 1 — \/%. Thus, we obtain E [Rr] > Q ((Kln(T))%1 T%) it P(ay # a*) > %
holds for ¢ > t.



The remaining part is to prove that P(a; # a*) > 1 holds for ¢ > ¢, when P(E;) > 1/2 for all
t > 0. We mainly prove that, if E; occurs, a; = a* never occurs since the confidence bound cannot
overcome the estimation error between sub-optimal arms and optimal arm under the condition of F.
In other words, P (a; # a*|E;) = 1. If P (a; # a*|E;) = 1 holds, then, we can simply show that

1 1
P(a; # a*) > 5 P(a; # a*|Ey) = 3 (A.12)

Now, we analyze the set of event, {a; # a*}, as follows,

{ar #a*} = | { ctur (”ln(tz)) ’ gfa+u% (nln(ﬂ))p;} (A.13)

aa* Nt—1,a* Nt—1,a
9 p—1 9 p—1
nlnt)> <t <771n(t)) (A14)
a;ﬁa* Nt—1,a* Nt—1,a
S Ter < Aand Fazer =0 (A.15)

> A+ur nn(?) %1<(1+5"£1)A<yé nin(?)\ 7 (A.16)
Nt—1,a* - o Nt—1,a ’
nin(2)\ 7 - L ()T
(ntw> <5 }ﬂ U {(1+5 )Agw (ntl’a>

5A% a#a* ((1+5PT71) A)ﬁ
(A.18)
Qup—1 2up—1
D —nIn(T) < mnp_y a*} m U Nt—1,a < - 71 1n(to)
= 2 () )
(A.19)
T>t>t (A.20)
2T 2T In(to)
D{ Snla*}mu n71a<
S -1) = e | (1 +5% ) (& — 1) T
(A21)

[N

check that A N B contains F; for¢ > tg := max | 1 + 5(K ) + 2T , T

-1\ =1
<1+5PT> e

Let A := {5(1{ T <ng_1, a*} and B := Z(L#a* Ng_1,0a < f - In(to) } Now, we



For the set A, if w € E,, then,

T
Mot =t—1— Y my_jo>t—1- = VWwEE (A.23)
aar (1 + 5%) e
T 2T T
2to—1- p=1\ o1 = 5(K —1) + p=1\ 721 (A24)
(14+55)" (14+55)"
2T
> A25
T (A.25)
which implies w € A.
For the set B, we have,
In(to) _ In(Tz) 1
In(7T) = In(T) 2
By using this fact, we get
2T In(¢ T
_Inlto) > ) e vweE, (A.26)
p=1\ 51 In(T) p=1\ 51 ’
(1+5p) (1+5p) aar
which implies w € B. In summary, w € E, implies w € A N B. Consequently, we have,
1
P(a; # a*) > 5[?’ (at # a*|Ey) (A.27)
1 1
> §P(Aﬂ B|E,) = 3 (A.28)
Thus,
E[Rr] > Q ((K In(T)) 7 T%) .
O

B Adaptively Perturbed Exploration with A New Robust Estimator

B.1 Bounds on Tail Probability of A New Robust Estimator

Before deriving the bound of tail probability of a new estimator, we first analyze the property of the
influence function ¥ (x). Then, using the property of ¢ (x), we show that the tail probability has an
exponential upper bound.

Lemma B.1. For p € (1,2], assume that a positive constant by, satisfies the following inequality,

1—2 2_2
2 2_p P 2_p P
by |12 —= — > 1.
p[ (p1> +(p1> 1_

Then, the following inequality holds, for all x € R,
In(1+x+bylz|?) > —1In(1 — x4+ bylzf?).

Proof. Let f(x) := 14 « + b,|x|P. Then, the inequality is represented as In(f(x)) > — In(f(—z)).
Before starting the proof, first, we show that f(z) > 0 by checking min, f(x) > 0. For z > 0,

fl(z)=1+b, pxP~' >0.

which is non-zero for all z > 0. Thus, the minimum of f(x) will appear at © < 0. For x < 0, its
derivative is

f'@) =1=by p(-z)"~".



Then, f'(x) become zero at x = — (pbp)_Til. Thus, the minimum of f(z) is

f (_ (Pbp)iﬁ) =1- (pbp)fﬁ + by (pbp)ip%l =1- (P_ﬁ _p_”%l) b;ﬁ (B.1)

5 1-2 5 2-2732G-D

1 P — P — P

>1-— (p_p—l —p_p—1> [Q <p> + <p> ‘| (B.2)
p—1 p—1

9 _ 1-2 9 _ 227361 e
GG e
zl—pT%[2@—1N2—ML%+%2—M}%FWA) (B.4)
=1-p PTR(p -1+ 2-p)TT 2-p) 7T B.5)
—1—p T (2 )T >0, (B.6)

Note that 3 < p~ 5D (2—-p) -1 < 1holds for p € (1,2]. Since f(—z) and f(z) are symmetric
to the y-axis, f(—x) is also positive for all z € R.

By noticing that In(f(z)) > —In(f(—=x)) is equivalent to f(z)f(—=z) > 1, We show that the
following inequality holds,

I4+z+bplzP)(1—2+bylzlP) > 1 (B.7)
balx|? + 2bp|xfP + 1 —a® > 1 (B.8)
b2l 4 2bp|x[P* =1 >0 (- 2® >0). (B.9)

Let us define g(z) := b22%7~2 + 2b,2P~2 for z > 0. Now, we show that g(z) > 1 holds for z > 0.
First, we analyze the derivative of g(z) computed as follows,

§(2) = 2,273 (by(p — 1)27 + (p — 2)).
Since b, > 0 and 2P~3 > 0, the sign of ¢’(z) is determined by the term (b,(p — 1)2? + (p — 2)),
1

_1
which is an increasing function and, hence, has a unique root at zg := (EZ:’{;) ? bp 7. In other words,

since (b, (p — 1)zP + (p — 2)) has the unique root at z for z > 0, ¢’(z) also has a unique root at zg
which is the minimum point. Finally,

1—bf 2222 (2o 1>0
s =1t 2 (325) T (555) T oese

where the last inequality holds by the assumption. Consequently, g(z) — 1 > g (z9) — 1 > 0 holds
and, hence, f(z)f(—x) > 1 holds. The lemma is proved. O

1—2 22 %
Corollary B.2. Let b, := [2 (%) Bt (%) p} . For all x € R, the following inequality
holds
In(1+x+bplz|’) > —1In(1 — x4+ bylz|?).

Proof. The proof is done by directly applying the Lemma BT with
1—2 227~
2—0p P 2—p P
b, = |2 (=L .
3 l(p1> +<p1> ]

Theorem B.3. Let {Y}} .~ be i.i.d. random variable sampled from a heavy-tailed distribution with
a finite p-th moment. Define y := E Y] and an estimator as

Vo= —+ > <YE> (B.10)

1—1 1
n- v cne

O




where ¢ > 0 is a constant, and 1) is an influence function which is defined by:

In (by|z|P + 2z + 1) x>0
Y(x) = -1
In (bplz? —z+1) cx < 0.

and

where vy, := E [|Y|"].

Proof. From the Markov’s inequality,

1—1 1—1 1—1 1—1
P(n Yn>n(y+5)> < exp <—n(y+5)>Elexp (n An>
C & C C

Since ¢(z) < In (by|z|P + = + 1) holds by its definition, we have

(B.11)

1—1 n D
P . Y, Y,
Elexp | Y || <E|T] 1+ 5 +bp—t— (B.12)
C - p2 2 \p
k=1 ene (cnv)
- Y Y?
:HE[1+’1+bP2’; ] (B.13)
k=1 ene an
n
Yy Up
=(1+—L-+b B.14
( Loy 2) (B.14)
nl_% v
< b, -2 B.1
_eXp< Pt p26p> (B.15)

Combining and (B:13)), we have

1—1 1—1
N b
P(Yn—y>5)fexp<—n p(y+5)>exp<n Ty+ pr)
c c 2cP

1—1
_ nor bpvp
= exp (— . 0+ 2P )

The upper bound of P (y -V, > 5) can be obtained by the similar way. Hence we obtain the desired
result. The theorem is proved. O

C Regret Analysis Scheme for General Perturbation

In this section, we prove Theorem 3 and 4 in the main paper under Assumption 2.

C.1 Regret Upper Bounds

To analyze the regret R in the view of expectation, we borrow the notion of filtration {#H; : ¢t =
1,...,T} from [2] and [6] where the filtration H; is defined as the history of plays until time ¢ as
follows

Hy={ap, Ry, : =1,...,t}



By definition, H; C Ha C - -+ C H7_1 holds. Finally, we separates the event {a; = a} into three

groups based on the threshold z, := r, + A, /3 and y, := r4« — A, /3. Finally, for a given reward

estimator 7, 4, let us define the following sets which will be used to partition the event {a; = a}:
Et,a = {at = a}7 Et,a = {'ft,a, S za}; Et,a = {'ﬁt—l,a + ﬁt—l,aGt,a S ya}

We separate I; , into three subsets:

E.=E}UEYUEY (C.1)
where
E) = B, N Ef
t,a — Hta t,a
E®) =EoNEonEy,

E®) =B .NE..NE;,
In the following sections, we estimate the upper bound of the probability of the event E} , based on
the decomposition (C.1).

Lemma C.1. Assume that the p-th moment of rewards is bounded by a constant v, < 00, ¢4 is a
p-robust estimator of (B.10) and F(z) satisfies Assumption 2. Then for any action a € A, it holds

T _p_
MY < bpvp Be \ 7! 2p—1
;P(Et7a)_1+exp<20p)<Aa r 1)

Proof. Fix arm a € A. Let 7, denotes the smallest round when the arm a is sampled for the k-th
timeie. k=Y /5 I[E;,]. Welet 7o := 0 and 7, = T for k > n4(T'). Then it is easy to see that for
Tk <1< Tt

1 :t= Tk+1
I[E: q] {0 b T (C.2)
Therefore,
T T T-1 Th41
S P(EX) =Y BB =Y E| Y 1Bl
t=1 t=1 k=0 t=1+471
T1 T—1 Tk+41
=E|) I (Etya N Efia) +> E l > I[E . N Ef,]
t=1 k=1 t=1+7%
T-1 )
<1+ 3 P(E )
k=1

where the last inequality holds by (C.2)). Also, by the definition of Et,a and Theorem

T-1 T-1 1-1 o 1-1
fc Aok ™7 by bpvyp Agz 7
O AR I (‘3(;+m>fe"p<w A e L

k=1 k=1

IN

=T o A 1—=
L exp (—t) trTdt o t= o

IN
[©]
N
> §'§®
X @ﬁt
N~~~
7N
blg

I
@
>
o}
N
NIk
AL
~
/~
blg

—~ N N

il
k]
|13
—_
N
k]
||
—
~——

Next we estimate Et(2a) . From now on, we let p stand for the following ratio
p(g) == Flg) _B(C<q)
1-F(g9) P(G=y9)
where F' is a cumulative density function of perturbation G.




Lemma C.2. Assume that the p-th moment of rewards is bounded by a constant v, < 00, T 4 is a
p-robust estimator of (B10) and F(x) satisfies Assumption 2. For any action a € A, it holds

T _p_
@) by £(0) 21 2p—1Y\ [ 3c\ "7
;P(Em)gexp<26p){(}1+l_F(0)+2 r ) &,

6¢ = (1 ¢ \ 71 Pt ¢\ 71
+2(3) {F <T<Aa) )} +2(5,)

+

Proof. If a = a*, then A, = 0 so the desired result trivially holds. Threfore, we take a € A\ {a*}.
For the convenience of the notation, we write 7 o := 7+_1 ¢ + Bt—1,4G¢,q. Due to the decision rule
of the perturbation method, a; = a implies 7, o+ < 7 4 for ' € A. Therefore, it holds

Et,a N Et,a C ﬂ {’Ft,a/ S ya} = {Ft,a* S ya} N {Ft,a’ S ya,Va/ 3& CL*}. (C3)
a’€A
This fact implies
P (Epa ) By 1) <P < () {Fra < ya}l“rtt_1> (C4)
a’€A

Note that events {7; o+ < Yo} and {7t < ya,Va’' # a4} are independent if #;_ is given. From
this fact, (C:4) is equivalent to

]P) ( m {Ft,a’ S ya}|7‘lt1> = ]P)(ft,a" S ya‘Htfl)IP(/Ft’a/ S ya’va/ 7& a*‘Htil)
a’€A
P (Ftar < ya|Hi-1) . 5 ,
= ) P ar > Yg b N o < Ya, ¥ OH,
P(Frar > YalHi-1) ({Ttar > ya} N {Trar < g, Yo' # a}[Hi)

Since 7¢_1,4x, Bt—1,q+ are already determined under the condition H;_1, we get

~ Tarx — ftfl,a* - %
P (70 < Ya|Hi—1) =F
ﬁtfl,a*

Similarly to (C:3), we can observe that

{;t,a* > ya} N {'Ft,a’ S yaava/ 7& a*} C Et,a* N Et,a (CS)
and this implies
P({Ftar > Yo} N {Frar < ya V0 # @} He1) <P (Bra 0 Bralten)  (CO)
Therefore,
P(Bra EralHir) < 1 Qg P (Eyar N Eval i) (€7
- t,a*
. Ag
where Qo+ 1= F (%) By taking an expectation on both sides, we have,
@) Qt,ar ~ =
P(E;, ) =P (BN Et aN Et o) <E W]I[Em* NE o NE ]| . (C.8)
— Wt,ar

Now, we set 73 to denote the smallest round when the optimal arm a* is sampled for the k-th time.
Then, the summation of the right-hand side of [C.8]over t = 1,..., T is bounded as follows,

Q B T—1 Tk+41 Q B
Z ]E |: La [Et,a* N Et,a N Et,a]:| = Z E [ Z ko Et,a* N Et,a N Etﬂ]
T—

1_Qta* PR _Qta*

1 Q
Z E |: k+17 ]I[ETk+1ya m E7k+lya]:|
k=

0 Q"'k+1 a*
T
Q‘r a* :|
<) E i .
o ]; |: Q‘rk,a*

oo



We first compute the upper bound of the conditional expectation E [

T-Q, o H’rk:| . From the
esa
. By using this fact, we get,

definition of 7, we have n,, , = k and 3, o = —<

K h
1
Q‘r ,a* kl_; A Aa
EL—Q Mo | =B |p| == (7 e =57 | [

k' r A,
= / p ( {ra* —x— }) P(# € dx) (C.9)

R C 3
We decompose R = I; UI,UI; into three intervals where I7 := {z < rq+ —%}, Iy == {ry- —% <

T < rge — 5}, and I3 i= {re« — 4 < x}. We derive the upper bound of (C-9) on the each interval.

By using the change of variable formula,

/11 p (klj {ra* e Ag}) P(F € dz)

a

ra*fAT kl—% Aa
T e e

c > c A,
= k11/0 p(9) f7 (Ta* - k:ljg - 3> dg

where f; is the density function of the measure P(# € dx). Note that the following equality holds by
the fundamental theorem of calculus

_ Flg) 7 W) F(0)
P9 = T=p) _/0 = P TR0

Therefore,

c < Flg) ( c Aa>
i P\ Ta* — rg—— )d
w7 ), T (e e 5w

c e 9 h(u) F(0) c A,
= d T a d
kl—%/o (0 1= Fw) ' 1= F©0) I 1-1 3 )Y
F(0) A, X
= Pl —— <7rgr — Pr qr
1— F(0) (3 = Tar =T, )
¢ [*([7 hlu) ¢ A,
+ 1T J, /0 1—F(u)du) Ir (m - Eg - 3) dg. (C.10)
From the tail bound of the proposed estimator, we have,
A A% by
P L) < _Za 7 PYp )

Hence we can get the upper bound of the first term in (C.I0). Also, by Fubini-Tonelli theorem, we
can transform the second term of (C.10) as follows

o /0°° (/09 %m) i (Ta* St A3> dg
L e e 3) )
- (/Z s dg) e

:/ P (Ta* — ’f';,—k’a* Z LU"' Aa) ﬂdu (C12)
0 kT 1




Similar to (CIT)), we have

R c A, Aakl_% bpvp
P ( ~ e 2 Ut 3) < oxp (“ 3 o

Thus, we obtain the upper bound of (C.12)) as follows

e ) c A, h(u)
. — . _— ) —z
/0 IP’(ra Prea _kl_%u—i— 3 ) 1—F(u)du
o0 Ak'"F by )
< _._ Ba pVp
- /0 P ( " 3c * 2cP ) 1- F(u)du

AT by °° exp (—u) h(u)
< _2a pVp
—eXp< 3¢ +2¢p>/0 = Fu)
Ak by

<C _Bdk 7 P
- exp< 3c * 2cp>7

where the last inequality holds due to the assumption on F'(x). Therefore,

KT A AkF by
v — 1 — =2V | P(Feds) < e e 1
/Ilp< p {7‘ T 3}) (r € x)_C’exp( 30 +2cl’> (C.13)
F(0) AT by,
LI\ _ e T 14
T a0) eXp( 50 T ow | ©19

Now we derive the upper bound of the second interval Io = {rq« — % < T < rex — Aé"’ }. Since
F(0) < 1/2,itis easy to see that

1-1 1—1
p(k {ra*—x—Aa}> < 2F (k {ra*—x—Aa}> (C.15)
c 3 c 3

for x € I U I5. Hence, for x € I,

kv A,
*x e ]P> r
/12p< . {ra T- 3 }) (7 € dx)
T *—ﬂ 1 1
a5 -1 A,
§/ 2F (k {7‘@* —x— }) P(7 € dx)
T *—A“ c 3

a 3

A,
S QP (6 S Ta*x — TATMQ*) .

Similar to (C.IT)), we have

A ) A by
2P <6“ < rgr — TTW> < 2exp (—“6c + 5;) . (C.16)

Hence, we get the upper bound of the integral on I, as follows,

T 1—1
Ak "2 byy, b,V 2p—1
2 -— 2PN <2 PPT .
kz::l exp( 6c * 2cf’> eXp(20P> (p—l)

Finally, due to (C.13) again,
k' A,
v —z—22U)pred
/I3p( . {r x 3}) (7 € dx)

10




1

00 1—1 1—1
<2 F i ra*—x—ﬁ P( € dz) < 2F _Bak ¥ . (C.17)
vy c 3 6c

a* T 7@

By combining (C.14), (C.16), and (C.17),
T T 1—1
QTk a* Aak' P prp
o) I A YRS [P N o P L
2 [1—Qw* Ho| < 24 Coxp ¢ o

k=1

k
byv, F(0) 2p—1
< p”p
<o (32) {0+ rm) (57)
_pP_ T 1—1
bpvp 2p—1 6c \ P! kTP A,
() () (&) e (4
byv, F(0) 2p—1 2p—1 3c\ 71!
< p7P _ N = oC
exp<2cp){c+1—F(0>+2 }F<p—1><Aa)
1_l
+Z2F< )

The remaining part is to derive the upper bound of the last term. For T" > 2 (

A

P A, 1 c \r 1
= > (= )

F 6c - T (Aa>

vy )ﬁ,leté_ be the

a

maximal time such that

Then, we have /_ as follows,

1— P
_"A 1/ c\7?
rl_-= — (=
6c < T ( a>
Note that % (i)pj %forT > ( )ﬁ and F~! <21T (Aca)pl) < 0 from the assumption
F(0) < 3.
Therefore
kl—m & KA,
2F <20_ 2F | —
Sor (K58 <o 3 o (D
k=£_+1
) c =
<20_ = —
<2+ ¥ Z(5)
k=£_+1



T p_ p_ p_ 7=
c \7! 6c \ Pt 1/ c\7!
P (E(Z)) <T<2(— 2(— —F == .
Z ta | —= - Aa + Aa T Aa,
t=1 +
Thus, the upper bound also holds. By combining this upper bound, the Lemma is proved. O

Lastly, we estimate the upper bound of Et(3a)

Lemma C.3. Assume that the p-th moment of rewards is bounded by a constant v, < 00, T4 4 is a
p-robust estimator of (B.10) and F(z) satisfies Assumption 2. For any action a € A, it holds

T _p_ _p_ 72T _p_
(3) dc \ P! _ 1 c \r1! c \7!
COHE (A) {F 1<1_T<Aa) )} ”(Aa)

Proof. Recall 7, from Lemma (C.I). Obviously,

S P(BR) <SP (Bran B )

P (ET,C,G NnES

Tk,Q

Due to the decision rule of the perturbation method and the definition of 7, observe that n,, , = &
R -7
Hn.,) S IP) (rrk S T, GT;‘Ha > M
ﬁT}c ,a
é P (G'rk,a > L

and 3;, , = =T . By the conditioning on H,,,
kTP
)
")
Tk,Q

Ak v Ak v
—P <G7k . > w’?—%) —1-F (”) . (€18
’ 3c 3c

Laq

P P

We first show that the bound holds for T" > (AL) """ and check the case of T < (AL) pj.

D

ForT' > 2 (f) Pt , let ¢ be the maximal time such as

A7 1/ ¢ \71
F <1-- (& .
< 3c >_ T (Aa)

S

There exists a positive £ since 1 — % (Aia) S % and the assumption F'(0) < % Note that
3¢\ 71 1 2\ 7
0, < (;) {F—l (1 - <Ac> )} . (C.19)
and for k > ¢
Aakl_% 1 ¢ \ 71
1-F| —— | <=|— . C.20
( 3c ) - T (Aa> ( )



Therefore, by (C18), (C:19), and (C.20),

D

ForT <2 (f)ﬁ,

T _p_ _r_ _p_ =T
(3) c \r! 3¢\ P! _ 1 c \r!
;IP’(EW)ST§2<AG) +<Aa> {F 1<1_T<Aa> )} .

Thus, the bound also holds. Consequently, the lemma is proved. O

Finally, we prove Theorem 3 in the main paper.

Theorem C.4. Assume that pth moment of rewards is v, < 0o. Consider ; q is the proposed robust
estimator and the perturbation method with a CDF F(g). Then, cumulative regret is bounded as

S F{1l- —— +Aa
TAE? TAZ U],

where Ce.p, ,, F > 0 is a constant dependent on c, p, vy, F and independent on T
Proof. Recall the definition of regret Ry, and the fact P(a; = a) = P(E,) = Zle ]P’(E(i)).
Hence

P

O( Z Oc,p,up,F + (60)ﬁ
a#a*

Ll P
T (307
MRl
+ AZTT

1 1

ALY ALY

3 T

T
ERr] =Y Y AP =a)=> Y S AP (Egg) (C.21)

acAt=1 a#a* i=1 t=1

By Lemmas [C.1}[C.2] and[C3]
T 1
M) < bpvp (3c)P\ 77 2p—1
;AQP(Et,a>_Aa+eXp(ch>(Aa r 1)

T 1
2) <« bpvp F(0) -1 2p—1 (Bc)P\ P
thl A“P(EW) _exp(20p>{c+ —F@) T? o) Ua,

() @)




Therefore, we can estimate the upper bound of (C.21)) by combining the above results as follows

siur) < 3 o (f2) {00 vt o (B ()

a#a*

) (7))

+

-

4 () LA
+(Aa> + A,

CC v, p—1
SO( 3~ Conpr | (60)7

aFa* A£71 A571

_p_ _p_ ey
3c)r—1 p—1
Ok F‘1<1— Cp> +Aa>
Af{fl TAg_l +
The theorem is proved. O

C.2 Regret Lower Bounds

e _p_
Theorem C.5. For0 < ¢ < — %=1 and T > w ’F‘l (1 — %)’p”, there exists a

K—1427-1 271
K -armed stochastic bandit problem for which the regret of APE-RE has the following lower bound:

E[Rr] > Q <K1—éTéF1 <1 - ;{)) (C.22)

Proof. We construct a K-armed multi-armed bandit problem with deterministic rewards of which
the regret analysis presents the regret bound (C.22). Let the optimal arm a* give the reward of

1-1
A = %c% (@) " F~1(1— %) whereas the other arms provide zero rewards. Note that

_1_
A e [0,1] for T > er (K1) |F=1(1- %)|ﬁ and the estimator becomes 7, = Allla = a*]
2p—1
since there is no noise. Let E; be the set of events which satisfy

Z Ngq < T

a#a*
If P(E;) < 1/2 holds for some t € [1,--- ,T)], then the regret bound is computed as follows

1 T Ity 1
BiRr) 2 JERIE) > G A= S -y rie (1o 1)

4 K

hence it satisfies (C.22)). Otherwise, if P(E;) > 1/2 holds for all ¢ € [1,--- ,T], it is sufficient to
prove P(a; # a*) > 1/8. Then, it holds

T 1

T cr 11 1

ERr] =Y AP(a;=a")> A= —(K-1)'""»T»F ' (1-=

Ral =3 A% =a") 2 A = 1) (- %)
and we get the desired result since 0 < ¢ < %
K—-1+2pr-1
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Now, the remaining part is to prove that P(a; # a*) > 1/8 holds. First, we observe that

P(at 7£ a*) =P U {'Fa* + 5t,a* Gt,a* < 7Fq + ﬁt,aGt,a}
aF#a*

>P(E )P U {Par + BroarGrar <2A < 7q + BraGral ’Et—l

aF#a*
1
> E]E P <Gt,a* < Ht—hEt—l) P U {2A < B1oGra} | He—1, Bt
t,a* a#a*
1 A((1—e)T) "%
> E|P (GW < W\chEH)
C

x P U {2A < B1,0Gra} ‘Ht—lvEt—l By

a#a*

where the last inequality holds due to n;_1 4+ > (1 — ¢)T provided E;_;. Since ¢ <
we have,

A(L-oT)'r _ ((1—C)£K—1)>15F1 <1I1() o et (11

c 25-1c¢ K

Hence, P (Gt o < M

Htl,Et1> > 1— + so that

Et—l

K-1
P>
K—1+427-1

)

1
Pla; # a*) > 3 (1>E P U {2A<BtaGfa}‘Hf LE—1 | | B
a#a*
Observe that
P| U 28 < BraGurak [Hi1 By
aF#a*
>1-P ag*{Gt,a_ IBM}\% o
2A (ny_14)' 7
Nt—1,a P
> 1 — PR S Ak b A,
aFa*
Ly (K1
« \ Ny — a
o1 |F [onZeze (1) :
(K —-1)
where the last inequality holds by the log-concavity of F'. Under F;_1, note that
1 1—1
S ) TS ) | Yonea| <K= (D)
aF#a* aFa* aF#a*




Therefore, we get

rorer =} (1-2) (1-(1- 1)) >

and1— (1-— %)K_l > 1 hold for K > 2 and the theorem is proved. O

: 1 1
smcel—ﬁzi

D Regret Bounds of Specific Perturbations

Corollary D.1. Suppose G follows a Weibull distribution with a parameter k < 1 with A > 1 with
¢ > 0. Then, the problem dependent regret bound is
T Aﬁ Re-T)
n ( S )] A,
cr—1

The problem independent regret bound is, E [Rr| = © (A# K" 5T7%In (K) %).

E[Rr] <O | > —™ A
aFa* A£71 a

Copmr <(3c>\)p> =

The minimum rate is achieved atk =1, E[Rp] = © (Klf%T% In (K))

Proof. The CDF of a Weibull distribution with £ < 1 is given as

F(z)=1—exp (- (i)k)

Then, its inverse is

Then,

—1 C% Pt _p_
F 1— - = \p-1
TAZT

Thus, we compute C as follows,

% h(z)exp (—2) B ko2
[ 1—F(2) dz[ 3G

_ ko /wzk_lexp(_z) 4 KD _T(kt1)
) Jy

-1 O—1F - (=1

F(Q) _

S()\—l)k =\-1)7"

. 2\ 7T
For (69" {Fl ( crm )] , we have,
N TAP! +
r o1

(6077 | s ( )] o
1 _P_ -

N WA




since the support of z is (0, 00). Then, the problem dependent regret bound becomes,

E[Rr] < Z [exp <b5;p> {01 + 1?1320) NS = 1}r (25’_11) ((?’A‘jp);l (D.1)

aFa*
. 2\
T (66); _p1 ( CPL ) D.2)
AZTH TAZ™ 4

() @)

1
D4
A, (D.4)
1
b v _ 2p—1 2p _ 1 (3C)p =T
(Bt |
- [eXp<2cp> (-7 2¥ () (MK 03)
a#a*
N e
(36)\)17 p—1 TAP? P\ P
1 A Aa D.
+ ( A, n e + A + (D.6)
Cepy, F (BeA)P = TA&D% -1
<0 Z - + A In — +A, |- D7)
atar AL! a cp—1
The problem independent regret bound can be obtained by choosing the threshold of the minimum
gapas A = c(K/T)' 7 In(K)*t.
Cepvp,F (3cA)P\ 7T TAFT\ 17
BRi < 2 e In|— +AT D.8)
p—l Aa cr—1
ata* Ag>A  A§

SK CC,p,le,F + ((3CA) )
AT A

k(v 1)
( )] AT 09)

1

Cc » .To )\ p— ey Tp 'ppf

< Gerwpr Tr g (GNP [ (Kln )T 1>)}"‘ 7 (D.10)
K?»In(K)*@-D Krln k@ B

4 K r Ty In(K)* (D.11)
p
1 1 k(p—1)
Copu,p- K79 T% 1+ n (K)
cZepnl 2 P27 (30T K T (14 g ) In 59 (D.12)
In (K)¥5-0 In(K) "D
+ KT In(K)* (D.13)
p
In(K)*-D » 1 1
<0 [ (e ri-irs (D :0((CA)HK1—5T% 1n(K)i). (D.14)
In(K)*@e-10

Consequently, the lower bound is simply obtained by Theorem [C.5] so we can conclude that regret
bound is tight. The corollary is proved. O

Corollary D.2. Suppose G follows a generalized extreme value distribution with a parameter with
0 < < 1and ) > 1. Then, the problem dependent regret bound is

Con N (TArT\
E[Rr] <O ZW”(((ZA)) ln<< p1> + A,

=7 =
aFta* Ab c®
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z¢—1

Letlng(z) :== = then, the problem independent regret bound is
P _
1 1 1 1 1n< ([(2131)771 )p71
Q (Kl_ETE Ine (K)) <E[R7]<O|K'‘iTi -~/

In¢(K)7=T
The minimum rate is achieved at { = 0, E[Rr] = © (KP%T% In (K))

Proof. The CDF of a generalized extreme value distribution with 0 < ¢ < 1 is given as

F(z) = exp <— (1+ ci)W) .

Then, its inverse is

i My -1 eyl
F7ly) =\ c <A ¢ ;
and
n(1/y)) ¢ —1 [%/]C -1
A c >\ c

where In(z) < x — 1 is used. Then,

P e P <
P (1— ia >]L1<Aﬁl (TM /CM) -1

TAFT - ¢

P
—1

We compute the sup & can be obtained as follows,

(14+¢5) e (- (14+¢3) )
suph = sup

2€[0,00] A (1 — exp (7 (1 + <§)71/<))
— sup 1 exp(—t) < sup texp(—t) 1
t€[o,1] A1 —exp(—t)) ~ t€0,1] A(1 — exp(—t)) A

M can be obtained as,

Tew(—2) [T exp (—2) .
[ e /o 16Xp((1+§§)1/4)d
~ z\1/¢
S/(; (1—1—(1—&-()\) )exp(—z)dz

° 2\ /¢
1+ 1+¢< (—2)d
/0 ( /\> exp(—z)az

§1—|—/ exp <—z—|— M) dz
O C

>~ z
§1+/0 exp (—z+ X) dz

Hence, sup h - My < 22=1 < 2.
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+
r P —¢7 501
P P 25 P 1-1 TA% -
(GC)F F71 < cp—1 >‘| Pt . (60}\) p—1 n( cp—1 )
1 - _p_ - 1
AL AT ) ) AL ¢

- Agil C
[ TAﬁ C_l o
(66)\)"71 c%
- Agil C
p—T TAE!
< (60)\)1 Ing é 7
AF cp—1

where —In¢(1/In(z)) < In¢(In(z)) < In¢(x) is used.

Then, the problem dependent regret bound becomes,

i< 3 [on (42) (oo + 200 w1 (20 (422)

aFa*
(D.15)
_p_ _p_ =T
+ (GC)LI _F! ( Cl)] (D.16)
AL AT )],

_ 1 e\ T\ [P
F (1 -7 (Aa) )] (D.17)

(D.18)

bpVp 2 e 2p-1 2p—1 (3c)P =
<> lexp(Qcp)[/\_l-l-e_l-ﬁ-Qp H]F(p—l)(Aa (D.19)

aF#a*
p B ﬁ _1 B %
N (TART ANPNFT (TATT
+ (6¢ )1 T m{( A ) N <(30 ) ) ln<< =i ) (D.20)
AF cp—1 Aa cp—1
P\ T
N (A> LA, D21)
C 6eA)P\ 7T AT\
p—1 p—
<0 (Z ST << Z) ) 1n<< = ) A, ], (D.22)
aFa* A£71 a cr-t
z¢—1

where ln¢(z) ==
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The problem independent regret bound can be obtained by choosing the threshold of the minimum
_1
gapas A = ¢ (%)1 » In¢(K) Note that lim¢_,o =2 = In(x)

¢
byv, A+1 e 2p—1 2p —1 (3C)P T
< pPYp = .
]E[RT]AZ:JQXP(M)[A—1+@—1+2 ]F(p—1)<Aa (D.23)
N P\ P
Lo <(6Z/\) > Ing <TAZ ) 02
a cpr—1
@\ 7T
+ (A> +AT (D.25)
b,v A+1 e 2p—1 2p—1 (3¢)P T
< p”p e .
o () [10 0 e (22 (1% 020
P\ 7T 7T P
Lo <(6C>\) > In, (TAP ) a7
A cp—1
Cp p—1
+ (Zl) + AT (D.28)

b A+l - 2 —1 K5 T%
<exp (222 Tl o (2 @y Y (D2g)
A—1 e—1 p—1 Ine(K)7T

_pP
Ing (K Ing(K)77)""

+2(6\) 7T K BT . (D.30)
In¢(K)7=T
K'"5T» 1-1,.1
+C”?+CK pTp hlc(K) (D31)
¢ p—1
1 1 2 —1 » cK'"HT%
gexp<b”"p) [AJF b -° +211} F< i )(3A)plc"f’ (D.32)
2 ) [ A—-1 e—1 p—1 In¢ (K)»—1
e (651)
+2(6N) T K B TE 2 (D.33)
In (K) 7T
K" 5T% 1o
+ CT + CK 7ET; IHC(K) (D34)
HC K)r—1
o Ine(zIne(2)757) < Ing (xlﬂ%l) for z > 2 (D.35)
2p—1 ﬁ
1-1 lln( (K o )
<o| Kty N/ (D.36)
Ing (K)7»=1

For the lower bound,

1 =<
A[ln(l’%)} Tl E- - = Aln¢ (K — 1).

Consequently, the lower bound is simply obtained by Theorem [C.5] The corollary is proved. O

20



Corollary D.3. Suppose G follows a Gamma distribution with a parameter o > 1 and \ > 1. Then,
the problem dependent regret bound is

D

1 P\ p—1
Cepow Aac)P\ PT TAE™
E[Rr]<O | Y —ebtel (3Aac) m(E22 ) Al 03
atar Aﬁ Aa cp—1
The problem independent regret bound is

P

1-1 .1 #1111(OZK1+ )71
Q ()\K 3% 1n(K)) <E[Rr] <O | ()7 T cK'5T7 . . (D38)

The minimum rate is achieved at « = 1, E[Rr] = © (Kl_%T% ln(K)).

Proof. The CDF of a Gamma distribution is given as

y(x; 0, \)
(o) 7

where I'(«v) is a (complete) Gamma function and 7y (z; ar, A) is an incomplete Gamma function defined

as
r o-loyp (=2
Y(z;a, ) = / Malz.
0 A«
Before finding a lower and upper bound of F~!, we introduce a lower and upper bound of a Gamma
distribution. In [3]], the bounds of F'(x) is provided as follows, for & > 1

(1o (5pr)) =F@= (- (5))

From these bounds, we have,

Aln( 11)<F‘1(y)</\r(1+a)éln< ! >
1—y= 1—y=

Note that the following inequality holds: for o > 1,

F(z) =

Fla+1)=ala—1)--(a—|a] + )T (a—|a) +1) < al®D (1) < a®.

We have a simpler upper bound as

1
F‘l(y)SAF(l—i—a)iln( ) gmm( a )
1—y« 1—y

& P P CtTAg%1 v
— — | — < Ap—Tqpr-T _— .
F~ (1 (Aa> )1 Ar—Tq ln< e )

C' can be obtained as,

/mh()eXp
0 1-F

Then,

>
Q
—
A
)—l
I
—
—
|
@
»
T
/\
>/\N
~—
~—
Q
~—
[\

IN

® 2o 1exp (-%-2)
/ AT (« exp ( 2§) dz

Tz lexp (-2 + %) B > oL exp (—t)
/ @ ‘[ o)
T - 1)“'
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For 65~ [—F‘l( cp 1 )] e have,
=T
(GC)ﬁ

|| ——= =0.
AT TAIT )],

since = € (0, 00). Then, the problem dependent regret bound becomes,

< o () o iy o (25 (3)

a#a*
(D.39)
21 2\ 17T P\ 7T 2\ 17T
(] ) ()
AT TAE )], a @ +
(D.40)
Cp p—1
+(A) A, (D.41)

<Y [exp (bgc”;) [()\ _1)e o 4 1} r (25_11> ((:’2?) o (D.42)

a#a*

L p_\ piT 1
3ac)P\ 7T [aTAL PN
()R] (5
@ cp-1 a
. o\ o2
Cepw P\ &
<oy Commr | (3A\ac) m(eT2 ) LA (D.44)
aF#a* AP*I AU« cr=t

The problem independent regret bound can be obtained by choosing the threshold of the minimum
1
gapas A = ¢ (K/T)" "7 In(K).

E[Rr]< 3 lexp( ) [()\71)*0‘+225:11 +1]F(2§_11> ((?’ACZP)Ih (D.45)

Ay >A

L (Brao) e aTALT ﬁ+ P\
A, croT A,
byt o, e 2 — 1\ ((3c)\ 71
SK[eXp(Qp)[(/\—l) +2% +1}F<p_1>< < (D.47)
<3Aac ) aTAp 1+(cp>p11
Cp A
() o

+ AT (D.46)

+ AT (D.438)

2% -1\ . 1
yo¥ +1}r( p 1)3ch1pTi In(K)~ 7T

(D.49)
1 , W (aK (K)7) "
+ (3X\a) P T cK' T Tw . (D.50)
In(K)»=T1
4+ K r Ty In(K) 771 4+ cK' 5T In(K) (D.51)
bpvyp —a | g2t 2p = 1\ gorr pi-ipd —4
<exp <2c1’> {()\—1) + 2771 +1}F( — )SP TcK " »Tv In(K) 71
(D.52)
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In (aKH%) !

+ (3\a) 7T KT e (D.53)
n P
1—1,.1 1 1—1,.1
+cK TPTrIn(K) 71 +cK " #T7? In(K) (D.54)
P
1+-2_\p-1
141 Lln(aK +p_1)
<O | (A)P= T cK " »T% I )1 (D.55)
n(K)»-1
For the lower bound, we use,
1 Yy
F~ 1) > Ml >Aln | —— .
022 (= r) > (25
Thus, the lower bound becomes
Q (AKl—%T% 1n(K)) .
O

Corollary D.4. Suppose G follows a Pareto distribution with a parameter o > pp%l and \ > a.
Then, the problem dependent regret bound is

1 L a(ppfl)
Cepyw 3Ac)P\ 7T | TAZ!
ERr] <O Y —oriel 4 <( 9 ) — + A (D.56)
adtar A£71 Aa cp—1
For \ = «, the problem independent regret bound is
P2 1
Q(aK'"3*TH) <E[Ry) <O (a”le‘i*waé) . (D.57)

For K > exp (pple), the minimum rate is achieved at o« = In(K), E[Ry] = © (KP%T% 1n(K)).

Proof. The CDF of a Pareto distribution is given as

F(z) =

Then, its inverse is

Then,

P

_p_ _p_ p—1
For (627" {Fl ( cr— )] , we have,
+

N TAPT
F_1< 7 )] .
TAZ ) ],
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where —F~1(y) is always negative since the support of x is (), o0). Then, the problem dependent

regret bound becomes,
bpvp F(0) 2p—1 2p—1 (3c)P\ P
——+2% 1T +1,T
2(:1’>{C+1—F(0)+ + p—1 A,

E[Rr] <) lexp(

a#a*
(D.58)
(66)1"%1 creT Pt (3¢)P T 1 e\ 7o T
o L ()] ) (-
Ag—l TA£71 n Aa T Aa r
(D.59)
CP pil
+(A) +A, (D.60)
1
byv 2p-1 2p—1 (3c)P\ P
< - = )
X [ (52 (2) (2
@A\ 7T [TArT =D @\ P
+( A ) = +<A> + A, (D.62)
a cr—1 a
Copunr [ (BAP\7T [TATT @D
<o)y e +< ) : + A (D.63)
aFta* AéHI Aa crt

The problem independent regret bound can be obtained by choosing the threshold of the minimum
gapas A = ¢(K/T)' "7

E[Rr]< > lexp <b;c’;p> [21”—’5 +2} r <2§__ 11> ((?’Aczp>pl (D.64)

Ao>A

1 L a(P a(p—1)
(BAe)P\ 71 [TAT
sl = AT D.65
+ ( AL e A + (D.65)
byv 2p—1 3c)?
<K PV [2 = 2 D.66
} leXp<2cp) T ( <A> (D60
L (B P (1A < + AT (D.67)
A o A '
Pz 1 p2
o xae-1? P-T ig decreasing for a > (D.68)
b . 2p—1\ . » ,
< exp (1’””> [21—5 T 2} r ( P ) 371K "3 TF 71 (D.69)
2cP -1
P2 1 P2 1 1 1
+ (BN T K TP T P T ase 7 7T 4 ca T KT 4 caK' TS
(D.70)
b P— 2 - 1 P 1 1 1
< exp ("””) [22 S 2} r ( P ) 371K "3 TF 71 (D.71)
2cP -1
437K TP A P TR R 4 ca P T KT 4 caK ' TFTE (D.72)
“A=a (D.73)
Pz 1 y
<0 (caHﬂ(Pl)z Kl—p+a<51>Té) : (D.74)
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For the minimum rate, we set « = In(K), then,
2
0 <1n(K)1+1n(K>p<p—1>2 Kliﬂnm?f’p—wTi) <O (K" TF n(K))

2 2

1+ p P
() (-2 < e<-1? In(K). For the lower bound,

where In(K)
1 1 1 1 1 1
Q <K1‘pTiF1 <1 — K)) =0 (,\Kl—ﬁaT;) >0 (aKl—%+aT%>
The corollary is proved. O

Corollary D.5. Suppose G follows a Fréchet distribution with a parameter with o > pp—jl and \ > .
Then, the problem dependent regret bound is

1 L a(pp—w
Cepuw 3cA)P\ 7T | TAZ!
E[Rr]<o0 | Y Zerel (( cA) ) e +A, |- (D.75)
aFa* AF Aa crt
For A\ = «, the problem independent regret bound is
2 2
Q (aKl—%+%T%) <E[R7] <O <a”a<f—1>2 K Trtaee Té) : (D.76)

For K > exp (1%21), the minimum rate is achieved at « = In(K), E[Ry] = © (Kl—%T% 1n(K)>.
Proof. The CDF of a Fréchet distribution is given as

F(z) = exp < (i)_a>

F7Hy) = An(1/y) Ve < (1—y)

Then, its inverse is

and

Q=

Aln(1/y)~Ye > A (ly)

)

where In(z) < x — 1 is used. Then,

9 2 272/
TA

At < A2 |2Za|

{ ( TA%N —A{cz}

In [1], we have sup h < 2$ < 2dueto A > «, and M can be obtained,

> exp (—z) > z\«
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since its support is (0, c0). Then, the problem dependent regret bound becomes,
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The problem independent regret bound can be obtained by choosing the threshold of the minimum
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The optimal rate is obtained by setting o = In(K),
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where In(K) () @-17 < e<@-17, Before proving the lower bound, note that
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Consequently, the lower bound is simply obtained by Theorem The corollary is proved. O

E Experimental Settings

Convergence of Estimator We compare the p-robust estimator with other estimators including
truncated mean, median of mean, and sample mean. To make a heavy-tailed noise, we employ a
Pareto distribution as follows,

z¢ ~ Pareto(a., \e)
where « is a shape parameter and ). is a scale parameter. Then, a noise is defined as ¢; := z; — E[z]
to make the mean of the noise zero. In simulation, we set atrue meany = l and Y; = y + ¢ is
observed. The p-th moment of Y; is computed as follows,

EIVi” =Ely+ 2 ~E[2)|” < (ly — B[] | + (Blz)?)” (E.1)

where the triangular inequality is used. Since z; is a Pareto random variable with o and A, we have,
for ae > p,

Qe e
E =
(=] ae—1
and .
Elz P = el .
Qe — P

Hence, the upper bound of the p-th moment is given as

P
ac a/P
vp = | |1— + 17 .
ae—1 (ae -Pp ) p
While the proposed method does not require v, truncated mean or median of mean estimator requires
Vp.

Multi-Armed Bandits with Heavy-Tailed Rewards Entire experimental results are shown in
Figure For robust UCB [4]], we modify the confidence bound as

1-1/p
o (1218Y'

n

where ¢ > 0. Since the original confidence bound makes convergence slow, we scale down the
confidence bound. This modification shows much better performance than the original robust UCB
and we optimize ¢ by using the grid search over [0.001, 5.0]. We make the grid by dividing [0.1, 5.0]
into 50 parts, [0.01, 0.1] into 10 parts. Furthermore, 0.005 and 0.001 are also tested. Total 62 trials are
conducted for the grid search and the best parameter is selected. For the proposed method and DSEE
[7]], the best parameter is chosen by the same way. Unlikely to other methods, the hyperpamrameter
g of GSR [3] is within [0.0,1.0]. Thus, we make the grid by dividing [0.02,1.0] into 50 parts,
(0.002, 0.02] into 10 parts and finally, 0.005 and 0.0001 are searched. Total 62 trials are conducted
for the grid search and the best parameter is selected.

From a practical perspective, reducing the number of tuning parameters makes the algorithm more
robust. In particular, the perturbations do not depend on both bound and moment. So, the exploration
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Figure E.1: Time-Averaged Cumulative Regret. p is the maximum order of the bounded moment
of noises. A is the gap between the maximum and second best reward. For p = 1.5, A = 1.0 and
for p = 1.1, Ac = 0.1. The solid line is an averaged error over 40 runs and a shaded region shows a
quarter standard deviation.

tendency is not much sensitive to the mismatch of the moment parameter. To verify this, we add
simple simulations by mismatching the moment parameter where all other settings are the same as
the experiments in the manuscript. As shown in the above R/t plot in Figure (a) APE? with
Frechet perturbation shows a robust performance while (b) the robust UCB is sensitive depending on
the choice of ¢, the moment parameter for the algorithm (here p = 1.5 is the true moment).
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