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Fast Sampling-Based Cost-Aware Path Planning with
Nonmyopic Extensions Using Cross Entropy

Junghun Suh, Joonsig Gong, and Songhwai Oh

Abstract—This paper presents a cost-effective motion planning
method for robots operating in complex and realistic environ-
ments. While sampling-based path planning algorithms, such
as rapidly-exploring random tree (RRT) and its variants, have
been highly effective for general path planning problems, it
is still difficult to find the minimum cost path in a complex
space efficiently since RRT-based algorithms extend a search
tree locally, requiring a large number of samples before finding
a good solution. This paper presents an efficient nonmyopic
path planning algorithm by combining RRT* and a stochastic
optimization method, called cross entropy. The proposed method
constructs two RRT trees: the first tree is a standard RRT*
tree which is used to determine the nearest node in the tree
to be extended to a randomly chosen point and the second
tree contains the first tree with additional long extensions. By
maintaining two separate trees, we can grow the search tree
non-myopically to improve the efficiency of the algorithm while
ensuring the asymptotic optimality of RRT*. From an extensive
set of simulations and experiments using mobile and humanoid
robots, we demonstrate that the proposed method consistently
finds low-cost paths faster than existing algorithms.

Index Terms—Cost-aware path planning, energy-efficient mo-
tion planning, rapidly-exploring random tree

I. INTRODUCTION

IT is envisioned that robots will soon perform complex tasks
on behalf of humans, such as search-and-rescue in disaster

or hazardous environments. Consider a nuclear power plant
accident scenario, in which some regions are contaminated
by radioactive materials. If a map of radioactive levels is
available, it is desirable to task robots to perform the search-
and-rescue operation along the path with the minimum expo-
sure to radioactive materials. Finding the minimum exposure
path becomes a difficult problem if the radioactive map shows
complex terrains of radioactive levels, in addition to obstacles
present in the field. Consider another scenario, in which a
humanoid robot is performing a complex manipulation task
in a remote area. It is desirable to perform the same task
with less energy to extend the operation time of the robot
in the field. Finding the most energy-efficient motion plan
for a humanoid robot is a difficult problem due to its high
dimensional configuration space. Both scenarios present an
optimization problem, which has been extensively studied in
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the area of optimal control [2]. In this paper, we consider
a special case of the optimal control problem, in which we
search for a motion trajectory with the minimum accumulated
cost for a robot, performing a task in a complex terrain or in
a high dimensional space.

In order to perform tasks mentioned above, we need to find a
trajectory which minimizes the accumulated cost when a robot
follows the trajectory over the configuration space. Although
sampling-based path planning algorithms, such as a rapidly-
exploring random tree (RRT) [3] and the probabilistic roadmap
(PRM) [4], are known as efficient approaches for complex path
planning problems, they focus mainly on the feasibility of the
path with less consideration on the cost of the path. So they
are not suitable for above mentioned problems. Some planning
algorithms including RRT* [5], a variant of RRT, have been
proposed recently considering the importance of the quality
of the path [6]–[10]. They use a costmap defined over the
configuration space to account for the cost a robot consumes
while it navigates over the configuration space.

In this paper, we solve the optimal motion planning prob-
lem in a complex configuration space which minimizes the
accumulated cost of the path. We propose a cost-aware path
planning algorithm for complex configuration spaces inspired
by [11], which addresses the position-dependent path planning
problem (PDPP). In a PDPP problem, the cost is solely de-
pendent on the position of a robot. The algorithm proposed in
[11] constructs an RRT tree by extending the tree using cross
entropy path planning [12], which optimizes the trajectory
distribution using the stochastic optimization method called
cross entropy (CE) [13]. In this paper, we consider a more
general problem in which the cost is a function of the internal
state of a robot. We refer this problem as a state dependent path
planning (SDPP) problem. The proposed method improves
upon RRT* by introducing nonmyopic extensions using cross
entropy.

The RRT path planning algorithm, as well as RRT*, iter-
atively samples a random point xrand over the configuration
space and makes an attempt to expand a search tree T , which
is initialized with a starting point. The tree T is extended
by connecting from xnearest, which is the nearest point of
the tree from xrand, to a new point xnew in the direction
of xrand. When RRT* is applied to a complex environment
for path planning, it incrementally extends its tree from local
search. So it requires a large number of samples to find an
optimal solution and the problem gets worse for complex
terrains or higher dimensional problems. In order to solve this
limitation, a number of extensions have been proposed [14]–
[16]. At the core of these approaches lies the modification of
the sampling procedure. Especially, Kobilarov [14] performed
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efficient sampling using cross entropy when extending an RRT
tree. However, an adaptive sampling approach cannot be the
ultimate solution in a complex or high dimensional space since
it still requires dense sampling.

In order to efficiently search for low-cost paths to the goal
region, we need to consider the long-term effect when a node
is added to an RRT search tree, such that the search tree
is expanded towards the goal region along the direction of
low-cost paths. However, if we simply grow the search tree
towards the direction of low-cost paths, the tree can be biased
and lose its optimality. To address both issues, we maintain
two separate RRT trees: a standard RRT* tree T and an
extended tree Te. T is used to determine xnearest of any xrand
for better exploration. Te includes T and contains additional
longer extensions for nonmyopic search over paths with less
cost. When a new random state xrand is chosen, the proposed
algorithm searches for a path with the minimum cost from
xnearest ∈ T to xrand using the cross entropy optimization.
The path with the minimum cost is inserted to Te and xnew
is selected from the path. The node xnew is inserted to T and
then extra nodes in Te are added to T if they allow a low-cost
path to xnew. By maintaining two separate trees, we can ensure
unbiased exploration over the entire configuration space using
T and, at the same time, improves the efficiency of search
using long extensions in Te. To the best of our knowledge, it
is the first approach using global tree extensions for RRT*.

We show that the proposed cost-aware path planning al-
gorithm consistently finds low-cost paths against RRT [3]
and RRT* [5] from a set of extensive simulations including
physics-based simulations using the dynamic model of a two-
wheel robot on complex terrains and experiments using a
humanoid robot in a high dimensional configuration space.

The remainder of this paper is structured as follows. In
Section II, we briefly review cross entropy path planning. A
cost-aware path planning problem considered in this paper is
defined in Section III and the issues with sampling-based path
planning methods for complex terrains or high dimensional
spaces are discussed in Section IV. The proposed cost-aware
path planning algorithm is presented in Section V and analyzed
in Section VI for its probabilistic completeness and asymptotic
optimality. An extensive simulation study and experimental
results showing the performance and characteristics of the
proposed method are provided in Section VII.

A. Related Work

Recently, a number of cost-aware path planning algorithms
have been proposed. Suh and Oh [11] presented a sampling-
based path planning algorithm which finds a low-cost path
with respect to a continuous costmap representing the environ-
mental field. For planning a path, they used RRT and extended
the search tree using a stochastic optimization method, called
cross entropy (CE) [13]. In [17], a solar-intensity map is used
as a costmap and a path which can charge the battery the
most is found using dynamic programming. Murphy et al. [18]
constructed a costmap representing traversability using aerial
images and performed path planning using the A* search
algorithm with heuristics to find a less riskier path. Above

mentioned algorithms solve instances of PDPP since they
consider an instantaneous cost at each location.

On the other hand, the accumulated cost in SDPP is de-
termined depending on how a robot has reached the state.
An energy efficient planning can be considered as an instance
of SDPP, since the energy consumption at the current state
depends on previous states. There are a number of studies
on energy efficiency of motion planning for ground mobile
robots [19]–[25] and humanoid robots [26]–[30]. In [19]–
[21], energy-efficient path planning algorithms were developed
for navigating on a 2D plane with no changes in elevation.
They determine the velocity schedule of a moving robot
by minimizing energy consumption given a predetermined
path [19] or finding a path using the A* algorithm [20] or
dynamic programming [21]. On the other hand, [22] and [23]
considered terrains with different elevations. Sun et al. [22]
examined the energy consumed by a robot along the path
in terms of friction and gravity, but they did not take into
account the optimal velocity profile. In [23], a vehicle velocity
profile was considered to minimize the energy consumption by
an electric vehicle based on dynamic programming. However,
they focused on the efficiency of in-wheel motors to maximize
the travel distance on a predetermined road. Kwak et al.
[24] minimized the consumed energy along a path when
planning on a rough terrain based on particle-RRT (pRRT)
[31], which extends a tree by using particles for estimation
of the distribution of states at each node of the tree under
the environment with uncertainty caused by input. They fused
the energy function with the likelihood of successful tree
extension in pRRT. Given a costmap representing the terrain
with different elevations, Jaillet et al. [25] found a low-cost
path using RRT but extending the RRT tree based on the
Metropolis criterion.

Unlike the approaches using a ground mobile robot,
Michieli et al. [26] performed the energy analysis of a hu-
manoid robotic arm by representing the arm as a complex
energy chain of mechanical and electrical components. Kulk
et al. [27] proposed a low-stiffness walk of a humanoid robot
by manually tuning the parameter on each motor in the robot,
through a modification in the low-level controller. They used
the electric current data measured with built-in current sensors
to evaluate the performance of their work. The design of
an energy-efficient and human-like gait for a humanoid was
presented in [28] and [29], which focused on a gait with
low energy consumption. Kalakrishnan et al. [30] proposed
a motion planning method based on a cost function which
includes torque costs but without an experimental validation.

Recently, RRT*, which guarantees the asymptotic optimal-
ity, and its variants have been introduced [5], [14]–[16], [32].
Given a cost function, RRT* finds the optimal solution as
the number of samples increases to infinity. In [33]–[35],
modified RRT and RRT* were applied to manipulation tasks
in high dimensional spaces. However, these algorithms focus
on finding the shortest path without considering the energy
consumed by a robot along the path. Hence, they are not
suitable for energy-efficient motion planning.

The approach proposed in this paper improves the efficiency
in a complex terrain or a high dimensional space while
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ensuring the asymptotic optimality of RRT*. It has an anytime
flavor in the sense that the proposed algorithm provides a
near optimal solution and monotonically improves its solution
towards the optimal one as more operations are allowed.

II. CROSS ENTROPY PATH PLANNING

Cross entropy (CE) is a sampling method designed to
compute the probability of rare events [13]. It has been also ex-
tended to solve combinatorial optimization problems, such as
the traveling salesman problem [36]. In [12], the cross entropy
method is applied to path planning, where the optimal control
law with minimum time is sought for. Algorithm 1 shows the
cross entropy path planning algorithm which finds a trajectory
for a robot from the start position xstart to the end position
xend. It samples a trajectory X from distribution p(·; v), where
v is a set of controls. The algorithm first generates N random
trajectories X1, . . . , XN from p(X; vi) considering constraints
such as obstacles and vehicle dynamics over the configuration
space. If % > 0 is a small number, the algorithm selects %N
elite trajectory samples among all trajectory samples that have
less cost based on the cost function H , which is defined as:

H(X) =

∫ T

0

C(x(t))dt,

where C = 1 + β‖x − xend‖2 with a positive constant β
and T is the termination time of the trajectory [12]. Then, it
updates the parameter vi (i.e., a set of pairs of control input
and its duration) using the elite set. The algorithm iterates
until the sampling distribution p(X; vi) converges to a delta
distribution.

Algorithm 1 Cross Entropy Path Planning
Input: 1) Start position xstart and end position xend

2) Number of trajectory samples N
3) Coefficients % and β

Output: Shortest time path from xstart to xend
1: i = 0.
2: Draw N samples X1, . . . , XN from p(X; vi), where
p(X; vi) is a uniform distribution when i = 0.

3: Select %N trajectory samples with lower costs among all
trajectory samples to the cost function H .

4: Update the parameter vi using the elite set.
5: i = i+ 1.
6: Repeat steps 2–5 until p(X; vi) converges to a delta

function.

III. PROBLEM FORMULATION

Let Q denote the operation region, in which a robot per-
forms its tasks. Let X ⊂ Rn be the state space of a robot,
where X = Xfree ∪ Xobs and the state x ∈ X includes the
position q ∈ Q of a robot. Xobs represents the space where
obstacles are placed or the robot may be in collision due to
actuator bounds and Xfree = X \ Xobs is a free space. We
assume that the state of the robot x(t) ∈ X is determined by

ẋ(t) = f(x(t), u(t)), (1)

where u(t) ∈ U ⊂ Rp is the control input applied at time t
and f is a class C∞ or smooth function.

Let x0 ∈ X be the initial state of the robot and Xgoal ⊂ X
be the goal region. Let πu(t) be the trajectory solution to the
differential equation (1) for given u(t) from t = 0 to t = T ∈
R+, where T is the termination time. The trajectory πu(t)
can be parameterized by a series of states and control inputs
(x(t), u(t)) and it connects the initial state and the goal region,
such that x(0) = x0 and x(T ) ∈ Xgoal. We assume in this
paper that the trajectory is deterministic given the environment
and control inputs. Then we want πu(t) ∈ Xfree for all times.
Given the initial state x0 ∈ X and the goal region Xgoal ⊂ X ,
such that x(0) = x0 and x(T ) ∈ Xgoal, and a cost function
J , the minimum cost path planning problem can be expressed
as:

arg minu(t):0≤t≤T J
(
πu(t)

)
subject to πu(t) ∈ Xfree for all t ∈ [0, T ]

and πu(T ) ∈ Xgoal. (2)

The classical path planning problem defines a cost function
which only considers the length of a path, so the optimal
solution is focused on how fast a robot can reach the goal
region. However, the cost function for the minimum cost path
planning problem is required to take into account the quality
of a path while a robot is moving along the trajectory. This
means the cost function J can depend on a costmap C which
depends on the position of a robot (i.e., C : Q → R) or an
energy function E which depends on the state of a robot (i.e.,
E : X → R).

IV. ISSUES WITH SAMPLING-BASED PATH PLANNING FOR
COMPLEX TERRAINS OR HIGH DIMENSIONAL SPACES

A sampling-based path planning algorithm, such as RRT
and PRM, has some charming properties. First of all, the
probabilistic completeness can be guaranteed, meaning that
the probability that the algorithm finds a solution increases to
one as the number of samples grows to infinity if a solution
exists. Such algorithms can also find a solution rapidly for
a complex high dimensional space since they incrementally
grow a graph to randomly chosen point until they reach the
goal region. Moreover, the implementation of a sampling-
based method is relatively simple. But, both approaches are
not suitable for the problem of cost-aware path planning in a
complex terrain or a high dimensional space since they focus
on finding a feasible path to the goal region, which is collision-
free. A variant of RRT, called RRT*, can be a candidate
approach for finding a path appropriate for the mission since
it returns a minimum-cost path after an enough number of
iterations due to the asymptotic optimality of RRT*. However,
finding the minimum-cost path in a complex terrain or a high
dimensional space can be considered as an extremely rare
event as the dimension of the state space increases, so it
requires an extremely large number of samples to find a good
solution.

We demonstrate this using a toy example with a valley
shown in Figure 1. The goal region is located at a slightly
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Fig. 1. A simple terrain with a valley. Different colors represent different
elevations (see the colorbar). The start position and goal region are marked
by red and yellow squares, respectively. Random trajectories from RRT are
shown in black. The red trajectory is the minimum cost path found by RRT
and the white trajectory is a path found by the proposed algorithm.

lower altitude than the start position. We assume five angular
velocities, ω ∈ {−π2 ,−

π
4 , 0,

π
4 ,

π
2 }, as a set of possible

inputs with a constant translational velocity at an interval
of 5 seconds. The duration of a trajectory is 60 seconds.
The dynamic model and the energy function used in this
example are described in Section VII-B. From 512 randomly
generated RRT trajectories, 6,038 trajectories reach the goal
region (qrand) and they are shown as black lines in Figure 1.
The trajectory in magenta is the trajectory with the minimum
cost among 6,038 trajectories. For a comparison, a path found
by the tree extension step of the proposed algorithm is shown
in white. The required energy for the path from the proposed
algorithm is 0.3972 J (joule) and the path from RRT requires
6.9577 J, which is more than 17 times larger than a solution
found by the proposed algorithm. A trajectory found by
RRT* is not shown in Figure 1 since RRT* finds the same
path as the proposed algorithm (the white solid line in the
figure). However, it took RRT* five times longer to find the
solution than the proposed algorithm. When RRT* extends an
RRT tree, it selects xnew by steering towards xrand without
considering the cost of the path to xrand so it extends the tree
based on a simple local search. Therefore, RRT* requires an
extremely large number of samples to find the minimum cost
path.

We consider another toy example, in which a humanoid
robot lowers one arm to place its hand at a specific position.
Even if the motion is extremely easy, there is a clear difference
in energy consumption depending on how to schedule the
motion trajectory. Since robot arms has multiple joints and
each joint represents a single state, the configuration space
has higher dimensionality. We assume five joints for one arm
and each joint can move within its limited angle range. When
a robot takes an action, the consumed energy is determined
according to the torque on each joint and the change of
each joint angle. More detailed explanation about a humanoid
robot and its energy function used in this work can be found
in Section VII. Figure 2(a) and 2(b) show paths obtained

from RRT* and the proposed algorithm, respectively, with a
deadline of 500 seconds. The red thick lines shown in the
snapshots represent the trajectory of an end effector. Since the
torque on a single joint of the arm is affected by other joints
of the arm, the consumed energy is highly dependent on the
state of other joints. That is, there exist certain configurations
of the arm which minimize the torque. Therefore, the robot
should move while maintaining configurations with low energy
consumption. The trajectory obtained from RRT* tends to
go straight to the goal region while moving multiple joints
simultaneously. On the other hand, the proposed algorithm
finds a trajectory which moves each joint of the arm in a more
energy-efficient manner. It first lowers the arm by moving
the shoulder pitch angle without changing the shoulder roll
angle. When the pitch angle becomes zero, i.e., the direction
of the arm becomes orthogonal to the body, it moves the
shoulder roll joint since this configuration requires less torque
on the shoulder roll joint. After moving the shoulder roll
joint, the pitch joint moves again to the goal state. The
robot following the trajectory obtained from RRT* consumes
420.86 J while the proposed algorithm provides a trajectory
requiring only 296.61 J. Since RRT* requires dense sampling
in order to find the optimal solution due to its myopic nature,
it is computationally expensive in a high dimensional space.
Hence, as demonstrated in this example, for solving an energy-
efficient path planning problem in high dimensional spaces, we
need an efficient nonmyopic approach.

V. COST-AWARE RRT*
We now describe the proposed cost-aware path planning

algorithm that generates a trajectory to minimize the accumu-
lated cost along its path. The key idea is to sample from the
configuration space and to grow a search tree (or RRT tree)
by extending the tree using stochastic optimization. Unlike
existing sampling based motion planning algorithms, in which
the RRT tree is extended towards the random point based on
the distance only, the proposed algorithm finds a path towards
the random point with minimal cost in a nonmyopic manner.
The proposed algorithm is based on RRT*, which guarantees
the probabilistic completeness and the asymptotic optimality,
and cross entropy to find cost-efficient controls from a param-
eterized continuous input space. Thus, the proposed algorithm
is referred as cost-aware RRT* (CARRT*) in this paper. We
first describe the following procedures of RRT*, which are
shared by CARRT*.
• An RRT tree T = (V, E) contains a set of vertices V and

a set of edges E .
• Sample(X ) function returns an independent, uniformly

distributed sample from X .
• Nearest Neighbor(T , x) returns a vertex in V which

is closest to x in terms of the Euclidean distance.
• Steer(x, y) returns a configuration z in a ball centered

around x closest to y, i.e. arg minz ‖z−y‖ s.t. ‖x−z‖ <
ρ, where ρ > 0 is a predefined steering parameter.

• Parent(T , x) returns a unique vertex x′ ∈ V such that
(x′, x) ∈ E .

• Near(x, r) returns a set of all points in V that are within
a ball of radius r ≤ γRRT∗(log(n)/n)

1
d centered at x,
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(a) RRT*

(b) The proposed algorithm

Fig. 2. A simple scenario using a humanoid robot. A robot is assigned to lower its one arm to place its hand at the specific location. Two figures (a) and
(b) show the process of following trajectories obtained from RRT* and the proposed algorithm, respectively. The red line represents the trajectory of an end
effector of the arm.

where γRRT∗ is a constant factor ensuring the optimality
of the path, n is the number of all nodes in V , and d is
the state dimension.

• CollisionFree(x, y) checks whether the line connecting
two points x and y is placed in Xfree.

The overall structure of CARRT* is given in Algorithm 2.
Unlike RRT*, a specifically tailored extension procedure is
added to CARRT*. The algorithm constructs two RRT trees:
a standard RRT tree T := (V, E) and an extended tree Te :=
(Ve, Ee). The standard tree T is used to determine the nearest
point to a random point xrand (line 5) for better exploration.
The extended tree Te includes T , such that V ⊂ Ve and E ⊂
Ee. Te contains additional branches, which are not present in
T , and CARRT* uses Te for finding low-cost long paths. The
function CE Extend described below is used for growing
Te.

When performing an extension, if the distance between
xnearest and xrand is larger than a threshold η > 0, i.e.
‖xnearest − xrand‖ > η, CE Extend finds a cost-aware
path P∗ from xnearest towards xrand using cross entropy path
planning (line 7), where η > ρ. A set of elite states, XCE , is
extracted from P∗ based on the extension unit length ρ (line
8). Note that if we add all points in XCE to T , the tree will
be biased towards xrand, resulting poor exploration over the
state space. This is the reason why CARRT* constructs two
separate trees to tradeoff between exploration and exploitation.
The first point xce1 of XCE is used to plan both trees as xnew
in function Plan DoubleTrees (lines 9–10). All other points
in XCE are inserted only to Te using Plan SingleTree with
rewiring (lines 11–13). When the distance between xnearest
and xrand is smaller than η, the standard steering function of
RRT* is applied (line 15). Since CE Extend is not effective
when xnear is close to xrand, the parameter η is used.

The function Plan DoubleTrees, detailed in Algorithm 3,
updates T and Te using the newly selected xnew and it is
illustrated in Figure 3. Solid circles and thick lines represent
vertices and edges of T , respectively. Hollow circles and dash
lines represent vertices and edges of Te, respectively. In line 2
of Algorithm 3, nodes in Te, except children of xnew, which
are close to xnew are returned as Xnear using Near (Figure
3(b)). Xnear are within a ball of radius r = γRRT∗

( log(n)
n

) 1
d

centered at xnew as explained in [5], where n is the number
of vertices in Te. In line 3, the best parent node xmin of
xnew is found based on the cost to xnew via xmin from
Choose Parent (Figure 3(c)). Here, Cost(x) calculates the
cost of the minimum-cost path from x0 to x. If xmin is not
included in T , Update Tree function (Algorithm 6) is called
to insert all ancestor nodes of xmin from Te to T (Figure 3(d)).
By including nodes in Te through Update Tree, CARRT*
gains more chances for extending the tree in a nonmyopic
manner. Lines 10–23 are for rewiring. If the rewiring condition
(line 11) is satisfied for xnear, the parent of xnear is shifted to
xnew like RRT*. However, CARRT* checks whether xnear is
included in T for xnew. If it is not in T , the node xnear and a
new edge (xnew, xnear) are added to T (lines 13–14). On the
other hand, if xnear ∈ T , the rewiring procedure is the same
as RRT* (lines 16–18). For xnew, Te is updated by deleting an
edge from the parent of xnear to xnear (line 20) and including
an edge (xnew, xnear) (line 21). This rewiring case is shown
in Figure 3(f). The stopping criterion of CARRT* can be the
number of iterations after reaching the goal region Xgoal, the
maximum number of iterations, or a time deadline.

A. CE Extend

The objective of CE Extend is to help extending a tree
from xnearest with a low-cost path to xrand. A low-cost
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Algorithm 2 Cost-Aware RRT*
1: V ← {x0}, E ← ∅, T ← (V, E)
2: Ve ← {x0}, Ee ← ∅, Te ← (Ve, Ee)
3: while stopping criterion is false do
4: xrand ← Sample(Xfree)
5: xnearest ← Nearest Neighbor(T , xrand)
6: if ‖xnearest, xrand‖ > η then
7: P∗ ← CE Extend(xnearest, xrand)
8: XCE ← Fragment(P∗, ρ)
9: xnew ← xce1 ∈ XCE

10: [T , Te]← Plan DoubleTrees(T , Te, xnearest, xnew)
11: for {xcei}i=2,··· ,n ∈ XCE do
12: Te ←Plan SingleTree(Te, xcei−1 , xcei )
13: end for
14: else
15: xnew ←Steer(xnearest, xrand)
16: if CollisionFree(xnearest, xnew) then
17: [T , Te]← Plan DoubleTrees(T , Te, xnearest, xnew)
18: end if
19: end if
20: end while
21: return T , Te

Algorithm 3 Plan DoubleTrees(T , Te, xnearest, xnew)
1: V ← V ∪ {xnew},Ve ← Ve ∪ {xnew}
2: Xnear ← Near(Te, xnew)
3: xmin ←Choose Parent(Xnear, xnearest, xnew)
4: if xmin /∈ V then
5: T ←Update Tree(T , Te, xmin)
6: else
7: E ← E ∪ {(xmin, xnew)}
8: end if
9: Ee ← Ee ∪ {(xmin, xnew)}

10: for xnear ∈ Xnear \ {xmin} do
11: if Cost(xnew) + J (Line(xnew, xnear) < Cost(xnear)

AND CollisionFree(xnew, xnear) then
12: if xnear /∈ V then
13: V ← V ∪ {xnear}
14: E ← E ∪ {(xnew, xnear)}
15: else
16: xparent ← Parent(T , xnear)
17: E ← E \ {(xparent, xnear)}
18: E ← E ∪ {(xnew, xnear)}
19: end if
20: Ee ← Ee \ {(Parent(Te, xnear), xnear)}
21: Ee ← Ee ∪ {(xnew, xnear)}
22: end if
23: end for
24: return T , Te

path is found using cross entropy path planning described in
Section II. When applying cross entropy path planning, a path
to xrand can be generated in two different ways, similar to
the approach described in [14]:

1) Motion primitives: {(u1, t1), · · · , (um, tm)}, where con-
trol input uj ∈ U is applied over time duration of tj for

Algorithm 4 Plan SingleTree(Te, xnearest, xnew)
1: Ve ← Ve ∪ {xnew}
2: Xnear ← Near(Te, xnew)
3: xmin ←Choose Parent(Xnear, xnearest, xnew)
4: Ee ← Ee ∪ {(xmin, xnew)}
5: for xnear ∈ Xnear \ {xmin} do
6: if Cost(xnew) + J (Line(xnew, xnear) < Cost(xnear)

AND CollisionFree(xnew, xnear) then
7: Ee ← Ee \ {(Parent(Te, xnear), xnear)}
8: Ee ← Ee ∪ {(xnew, xnear)}
9: end if

10: end for
11: return Te

Algorithm 5 Choose Parent(Xnear, xnearest, xnew)
1: xmin ← xnearest
2: cmin ← Cost(xnearest) + J (Line(xnearest, xnew))
3: for xnear ∈ Xnear \ {xnearest} do
4: c′ ←Cost(xnear) + J (Line(xnear, xnew))
5: if c′ < cmin AND CollisionFree(xnear, xnew) then
6: xmin ← xnear, cmin ← c′

7: end if
8: end for
9: return xmin

j ∈ {1, . . . ,m}.
2) Waypoint primitives: {(x1, · · · , xm)}, where xj ∈
Xfree for j ∈ {1, . . . ,m}.

The approach with motion primitives aims to sample a
trajectory from the space of control input and time since the
cost is affected by the internal state of the robot. Hence, this
approach is suitable for SDPP problem. On the other hand, the
second approach with waypoint primitives is suitable for PDPP
since it chooses waypoints which are representing the shape
of a trajectory and the accumulated cost along the trajectory
depends on the instantaneous cost at each location. The differ-
ence between two approaches is how the cost along the path
is determined depending on the cost function. Characteristics
of both approaches are explained in detail in Section VII.

Motion or waypoint primitives are sampled from p(·; v),
where p(·; v) = N (·|µ,Σ) and v = (µ,Σ). The Gaussian
distribution is used for the ease of computation but other
distribution from the natural exponential family can be eas-
ily applied [37]. The basic idea behind cross entropy is to
optimize v using the Kullback-Leibler divergence, such that
the resulting p(·; v) is biased towards the optimal parameter
distribution. In our case, we want p(·; v) to become a delta
function and represent a minimum cost path.

1) Motion Primitives: The initial value v0 = (µ0,Σ0) of v
is set by selecting µ0 and Σ0 such that the motion primitive
causes the shortest path from xnear to xrand and each control
is applied at an equal time interval. Since a motion primitive
contains a pair of a control input and its time duration, the
initial variance is set large enough to generate samples from
the space of feasible control inputs and time durations. The
initial variance is Σ0 = [σ2

u 0; 0 σ2
t ], where σu and σt are
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Algorithm 6 Update Tree(T , Te, xmin)
1: x′ ← xmin
2: while x′ /∈ V do
3: x′′ ← Parent(Te, x′)
4: V ← V ∪ {x′}, E ← E ∪ {(x′′, x′)}
5: x′ ← x′′

6: end while
7: return T

(a) (b)

(c) (d)

(e) (f)

Fig. 3. An illustration of Algorithm 3. The tree T is represented by solid
circles and thick lines while the extended tree Te is represented by solid
circles and thick lines with additional branches represented by hollow circles
and dash lines. (a) xnearest is selected from T for xrand. (b) Xnear of
xnew are chosen from Te. (c) Among Xnear , the node with the minimum
cost is selected as xmin. (d) Once xmin is determined from Te, the ancestor
nodes of xmin are added to T through Update Tree. (e,f) For xnear ,
the rewiring procedure is performed by deleting the edge from the parent of
xnear to xnear and inserting an edge (xnew, xnear) to Te if xnear is not
included in T .

standard deviations for the control input and time duration,
respectively. At the k-th iteration, we generate Nt trajectory
samples P1, · · · ,PNt using motion primitives sampled from
p(·; vk−1). In order to find a path to reach a region near xrand
while having the minimal accumulated cost as stated in the
path planning problem (2), we define two parameters ηa > 0
and ηb > 0. We first select at most ηaNt trajectories whose
terminal positions are close to the goal region and then select
at most ηbNt elite trajectories with the lowest costs. After
these two layers of filtering, we update vk = {µmpj ,Σmpj }mj=1

from the selected elite samples πel = {πi}ηbNt

i=1 , where

µmpj =
1

ηbNt

[ ηbNt∑
l=1

ulj ,

ηbNt∑
l=1

tlj

]T

Σmpj =
1

ηbNt

ηbNt∑
l=1

(
[ulj , tlj ]

T − µmpj
)(

[ulj , tlj ]
T − µmpj

)T
,

(3)

where (ulj , tlj) is the j-th motion primitive parameterized by
the l-th elite sample. In order to guarantee that the update pro-
cedure always reduces the cost, we remember the best sample
in the previous step and reuse the sample in the current update
procedure if it has a lower cost than current elite samples.
With these two layers of filtering, we can find a solution to
(2) which always arrives at the goal region. The maximum
number of iterations in the CE Extend function is fixed to
Niter in our algorithm. After iterations, the minimum cost path
P∗ from xnear to xrand is selected. In our implementation,
a discretized version of the optimal path planning problem is
used as described in [11].

2) Waypoint Primitives: The initial value v0 of v is set
such that a direct path from xnearest to xrand is equally
covered by each Gaussian component of v0. Since the cost
of a trajectory is determined based on the costmap, not
the length of the path, the initial variance should be large
enough to cover the entire space. Thus we have set Σ0 to
be (xj − x∗j )

TΣ−1
0 (xj − x∗j ) < 2 for any xj ∈ X and

1 ≤ j ≤ m. At the k-th iteration, we sample Nt waypoints
{Xi}Nt

i=1 from p(·; vk−1), where Xi = {xij}mj=1. Assuming
that there exists the parameterization function g(·) which gives
the trajectory P(t) and control input u(t) given two waypoints
x1 and x2, i.e., (P(t), u(t)) = g(x1, x2), then for each Xi, we
can construct a path Pi from xnear to xrand by connecting
xnear to xi1, xij to xi(j+1) for all j, and xim to xrand using
the function g. For the case of complex space with multiple
obstacles, it is difficult to set the initial value v0 since the
connection from xij to xi(j+1) cannot be found easily due to
obstacles. In such a case, a path obtained from RRT is used
as v0. For the initial variance, we followed the procedure of
[12]. For each Pi, we compute the accumulated cost along
the path. Unlike the path using motion primitives, all paths
can reach xrand, so we use a single-layer filtering without
considering the terminal cost. We select ηbNt elite samples
with the lowest accumulated costs. From the selected elite
samples Xel = {Xi}ηbNt

i=1 , we update vk = {µwpj ,Σwpj }mj=1,
where

µwpj =
1

ηbNt

ηbNt∑
l=1

xlj

Σwpj =
1

ηbNt

ηbNt∑
l=1

(xlj − µwpj )(xlj − µwpj )T .

(4)

VI. ANALYSIS

A. Probabilistic Completeness

As shown in [3], RRT is probabilistically complete and has
an exponentially fast convergence rate for the probability of



8

finding a solution if one exists as more vertices are added to
the RRT tree. Furthermore, it is shown that its variants such as
RRT* and the rapidly-exploring random graph (RRG) are also
probabilistically complete [5]. Based on the analysis of those
works, we extend the proof of the probabilistic completeness
of CARRT*. For the proof, we first need the following terms
from [38].

Definition 1. (Local controllability). A robot is defined to
be local controllable if and only if, ∀x ∈ Xfree, the set of
configurations that the robot can reach within a finite time
contains a ball centred at x.

In this work, we assume that a robot with holonomic
dynamics is locally controllable as explained in Definition 1.
We denote the closed ball of radius ε centered at configuration
x by Bε(x) and the set of all such balls by Bε.

Definition 2. (ε-reachable set). Let ε > 0 and x ∈ X be given.
The ε-reachable set of x, denoted by Rε(x), is defined by

Rε(x) = {x′ ∈ Bε(x)| A path π from x to x′ is entirely

contained in Bε(x)}.

Definition 3. (ε-free feasible path). A path π is said to be
ε-free feasible, if the minimal distance between π and the
obstacle region is ε, i.e., for all x ∈ π, Bε(x) ⊂ Xfree.

In terms of the notation used in this paper, the notion of
probabilistic completeness can be stated as follows.

Definition 4. (Probabilistic completeness). Suppose that there
exists an ε-free feasible path from the starting point to the goal
region. Then a sampling based motion planning algorithm is
probabilistically complete if the probability that the algorithm
finds an ε-free feasible path from the starting point to the
goal region approaches one as the number of samples goes to
infinity.

Unlike RRT and its variants, such as RRG and RRT*, which
select a discrete input from a finite set of inputs, CARRT*
selects a random input from a continuous input space for
tree extension. Therefore, we first show that even if RRT
selects an input from a continuous input space, it has the
probabilistic completeness property and then show that the
proposed algorithm is probabilistically complete.

Lemma 1. Assume that there exists an input u ∈ U =
[umin, umax], which steers a robot from x(t) = x ∈ Xfree
to x(t+∆t) = x′ ∈ Rε(x) for some ∆t > 0 and ε > 0. Then,
there exists c > 0, such that a randomly chosen input from U
has the probability at least c of steering a robot from x to a
point in Bε(x′).

Proof. See Appendix A.

Suppose that there is an ε-free feasible path from the
starting point xinit to the goal region Xgoal. Then there
exists a sequence of inputs u0, . . . , uk, such that x0 =
xinit, x1, . . . , xk+1 and xk+1 ∈ Xgoal. We can then follow
the proof of Theorem 3 in [3] to show the probabilistic
completeness of RRT with inputs randomly selected from a
bounded continuous set using Lemma 1.

Theorem 1. An RRT, which selects an input from a bounded
continuous input set for tree extension, is probabilistically
complete.

Theorem 2. CARRT* is probabilistically complete.

Proof. See Appendix B.

B. Asymptotic Optimality

In this section, we show that a path found by CARRT*
converges to the optimal solution with probability one. De-
pending on the distance between xnearest and xrand, CARRT*
adopts two extension procedures: one is a long extension
using CE Extend when ‖xnearest − xrand‖ > η and the
other is a standard extension based on Steer. Considering the
asymptotic optimality of RRT* [5], we prove the asymptotic
optimality of CARRT* by showing the asymptotic optimality
for the case when a tree is extended using long extensions. Let
c∗ = c(π∗) be the cost of an optimal path, and cn be the cost
of the minimum-cost solution returned by CARRT* at the end
of the n-th iteration. We denotes ζd the volume of a unit ball
in the d-dimensional space.

Theorem 3. If γRRT∗ > (2(1 + 1
d ))

1
d (
V ol(Xfree)

ζd
)

1
d ,

then CARRT* algorithm is asymptotically optimal, that is,
P({limn→∞ cn = c∗}) = 1.

Proof. See Appendix C.

VII. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we discuss results obtained from the pro-
posed algorithm in simulation and experiments. The following
planning problems are considered:
(P1) Find a trajectory which minimizes the accumulated

position-dependent cost, i.e., the accumulated cost of
environmental parameters, when a robot traverses over
a field with environmental parameters;

(P2) Find a trajectory which minimizes the accumulated
state-dependent cost, e.g., the consumed energy, when
a robot traverses over a complex terrain; and

(P3) Find an energy-efficient motion plan for humanoid
robots in a high dimensional space.

Note that (P1) is an instance of PDPP while (P2) and (P3)
are instances of SDPP. In order to evaluate the performance
of the proposed algorithm, we compared the proposed method
against the standard RRT [3], RRT* [5]1, and cross entropy
path planning algorithms, SCERRT* and TCERRT*, from
[14]. All simulations were run on a desktop with a 3.4 GHz
Intel Core i7 processor with 16 GB of memory. The proposed
method was implemented both in MATLAB and C/C++2. For
problems (P1) and (P2), all algorithms were implemented
in MATLAB. For (P3), the C/C++ implementation of the

1 While there are a number of extensions to RRT*, including [15], [16],
[32], [34], [35], [39], some of them are designed to minimize the travel
distance and not applicable to cost-aware navigation problems considered in
this paper. In addition, there is no publicly available implementation of their
work for fair comparison, hence, only RRT and RRT* are compared.

2 The software will be made available publicly at
http://cpslab.snu.ac.kr/software.
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TABLE I
KEY PARAMETERS OF CARRT*.

Parameter Variable Range Value
Tree extend threshold ρ > 0 1
CE primitive m > 0 6
CE extend threshold η > ρm 6
CE elite fraction 1 ηa [0.1, 1] 0.3
CE elite fraction 2 ηb [0.01, 0.1] 0.1
CE trajectory sample Nt ηbNt > 2 100

proposed method was compared to the C implementation of
RRT*, provided by the authors of [5]3.

Parameters used by the algorithm are listed in Table I.
From a number of different experiments, we have found that
performance of the proposed algorithm is not largely affected
by the choice of parameters. The tree extend threshold ρ does
not affect to the performance of sampling-based algorithms,
such as RRT and RRT*, so we have chosen the value according
to the size of the state space. Since a motion primitive
represents a continuous input sequence in this work, a larger
value of m can provide more chance to find a solution. But
we have found that m = 6 works well for many cases we
have tried. The CE extend threshold η is used to balance
between exploring the space and exploiting information from
the constructed tree. Since the CE method cannot provide long-
term effects if the distance between xnearest to xrand is small,
we set η to be at least ρm. In order to find a path to reach
a target region while having a good quality, we use two CE
elite fractions ηa and ηb, unlike the general CE method. We
have found that ηb = 0.1 is highly effective and have set ηa
to be larger than ηb. While we can find a better solution by
conducting more rounds of sampling, we limit the number of
CE rounds to Nt = 100 for overall efficiency of the algorithm.

SCERRT* and TCERRT* are RRT* based path planning
algorithms using cross entropy. While SCERRT* samples a
random point from the state space, TCERRT* samples from a
parameterized trajectory space [14]. Additional parameters for
SCERRT* and TCERRT* are set to the same values used in
[14]. The proposed method has two versions depending on the
method used to generate a path in CE Extend and they will
be referred as CARRT*(M) and CARRT*(W). CARRT*(M)
uses motion primities (see Section V-A1) while CARRT*(W)
uses waypoint primitives (see Section V-A2). For (P3), only
CARRT*(W) is applied since a simple dynamical model is
assumed in the problem.

A. Cost-Aware Navigation in 2D (P1)

Cost-aware navigation can address the problem of deploying
a robot for environmental monitoring, where the environment
is detrimental to the robot, for example, the high level of
radioactivity, the heat from the fire, or weak wireless con-
nectivity. In such environment, it is highly desirable to make
a robot traverse in safer regions. Consider a 2D surveillance
region Q = [−15, 15]2, in which a robot operates. Q consists
of a free space, Qfree, and a collection of obstacles, Qobs.

3http://sertac.scripts.mit.edu/web/Software.

1) Dynamic Model: For this problem, we use a dynamical
model of a two-wheeled robot (Dubins’ car). However, the
proposed method can be applied to other dynamic models.
Let (qx, qy) be the position of a robot and θ be its heading.
Suppose v(t) is the translational velocity and u(t) is the
angular velocity, then the dynamics of the vehicle is as follows:

q̇x(t) = v(t) cos(θ(t)), q̇y(t) = v(t) sin(θ(t)), θ̇(t) = u(t).

In simulation, v is fixed at a constant value of 2m/s. A
discrete-time version of the above dynamical model is used
in simulation where the sampling period is set to 0.01 s.

2) Position Dependent Cost Function: As a robot moves
from one location to another, the robot is penalized by an
instantaneous cost at its current location. The cost of the entire
region Q can be represented as a costmap C : Q → R+.
Given a costmap, we can formulate a position-dependent cost
function JPDPP as follows:

JPDPP

(
πu(t)

)
=

(
1

T

∫ T

0

C(Pu(t))dt+ ε

∫ T

0

dt

)
, (5)

where Pu(t) ⊂ πu(t) is a path considering only the positions
of πu(t), such that Pu(t) ∈ Q. The line integral of C along
the path of a robot is the total accumulated cost until the
robot arrives at the goal region. The last term with ε > 0 is
introduced to favor a shorter trajectory for trajectories with the
same accumulated cost.

3) Costmap: We assume that a costmap is defined over
Q, representing environmental parameters. Since we cannot
measure the environmental parameter at every location, we use
a nonparametric regression method, namely Gaussian process
regression (GPR) [40], to predict the environmental parameter
at a site where no measurement is made. We assume that
the environmental parameter of interest, which defines the
costmap C, follows a Gaussian process. The resulting costmap
is defined over the continuous space and this is different from
previous approaches where a cost function is defined over a
discretized space. If cost values are known at discrete sites, the
same method can be applied to smooth the costmap. Hence,
by applying GPR, we obtain a costmap of infinite resolution.
Note that the appropriate parameters for the kernel function
and the variance of the observation model have to be learned
from the data before the costmap is applied.

4) Evaluation: We generated four scenarios with different
costmaps from a Gaussian process. Scenarios are indexed
from S1 to S4. We used the Gaussian process MATLAB
toolbox [40] for modeling the costmap. Once the costmap is
given, we estimate the value C(q) over Q through interpolation
for computational efficiency. To consider obstacles, we added
several obstacles placed at the same locations in all scenarios.
The starting position x0 and the goal region Xgoal are ran-
domly chosen for each scenario. Examples of scenarios used
in simulation are shown in Figure 4. The left figure in Figure
4 is a scenario without obstacles and the right figure is with
obstacles. The costmap is shown as contours with different
colors. The high cost region is represented in white and the
low cost region is represented in black. The yellow squares
represent x0 and Xgoal and they are marked by letter S and
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Fig. 4. An example of scenarios used in simulation and low-cost trajectories
found by RRT* and the proposed algorithm for PDPP. The color over the
field represent the costmap. The darker color represents low cost and the
bright color represents high cost. Green rectangles are obstacles.

G, respectively. The obstacle region is represented by green
rectangles.

For each scenario, we performed a total of 20 simulations
for each algorithm using different pre-specified random seeds
and set the time deadline to terminate the algorithm after 2000
seconds. We first compared different algorithms for scenarios
without obstacles. The left figure in Figure 4 shows costmaps
and the trajectories with the minimum cost found by RRT*
and the proposed algorithm.

Figure 5 shows the average trajectory cost found by each
algorithm as a function of the running time for 20 trials for
each scenario. The error bar represents one standard deviation.
Since the cost of RRT was too high, it is not included in
Figure 5. Note that all algorithms find the optimal solution
given enough running time. Compared algorithms find an ini-
tial solution faster than the proposed algorithm, but the initial
solution found by the proposed algorithm has significantly low
cost compared to other algorithms and converges to the opti-
mal solution faster. The proposed algorithm shows excellent
performance in all cases compared to other algorithms.

We also performed the same simulation but with obstacles.
Trajectories found by RRT* and the proposed algorithm are
shown in the right figure of Figure 4. The average trajectory
costs from different algorithms are shown in Figure 6. For
all cases, the proposed algorithm converges to the optimal
solution faster than other algorithms.

Note that the running times of tested algorithms are rel-
atively high. This is because when we compute the cost of
a path, we have to integrate the cost along the path at the
expense of additional computation time. The time required for
a tree extension of the proposed method is slightly longer than
RRT* and other algorithms due to its long extensions using
cross entropy. However, when the distance between xrand and
xnearest becomes less than the CE extend threshold η, the
general steering procedure of RRT* is applied.

Thus, the running time for the tree construction of the
proposed algorithm becomes similar to RRT* and other al-
gorithms as the number of nodes increases. For example,
when η = 6, we have noticed that the tree covers the
state space such that the long extension procedure no longer
performs after a few xrand is sampled as shown in Figure 7.
In the beginning, the proportion of long extensions over all
extensions is close to one. However, the standard extension

becomes dominant for the tree construction after less than
100 tree extensions as shown in Figure 7(a). Furthermore, the
number of vertices in a search tree increases steeply due to
long extensions in the beginning but grows slowly after 100
extentions (see Figure 7(b)). While the proposed method may
require more computation in the beginning, it finds a lower
cost path significantly faster than compared algorithm. Figure
8 shows the computational times as a function of the number
of nodes in a search tree. It shows that the computation time
of the proposed method is similar to RRT* while SCERRT*
and TCERRT* require significantly more computation.

For all simulations, the proposed algorithm finds a trajectory
with less cost in the beginning compared to other algorithms,
thanks to longer extensions for nonmyopic search used in the
proposed method.

B. Complex Terrain Navigation (P2)

Since a robot is resource-constrained, it is important to per-
form a task with the minimum energy consumption, especially
in complex terrains, such as the Mars exploration. In order to
model a terrain with different elevations, we make a digital
terrain model (DTM) or a height map using pairs of location
and elevation values. We can display the terrain using the
Gazebo simulator [41] based on the DTM. The same dynamic
model explained in Section VII-A1 is used.

1) State Dependent Cost Function: Unlike the position
dependent cost function used in (P1), we consider a state
dependent cost function, JSDPP, which depends on the energy
function E : X → R+. In order to measure the energy
consumption by a robot along its path, we use the mechanical
work (MW) criterion [25]. The MW criterion evaluates the
quality of a path by regarding a nonnegative increment as a
penalized cost. In other words, it is assumed that there is no
cost loss for the negative slope of the time derivative of the
energy function [25]. Using MW, we can define a cost function
as follows:

JSDPP(πu(t)) =

∫ T

0

I{
∂E
∂t >0

} ∂E(πu(t))

∂t
dt+ ε

∫ T

0

dt

 ,

(6)

where I{·} is the indicator function. Hence, the cost is penal-
ized when the time derivative of the energy function has a
positive slope along the path of a robot and the cost function
J captures the penalized cost from t = 0 to t = T . The last
term with ε plays the same role as the last term in (5).

2) Energy Function: Since we aim to minimize the energy
consumption of a robot traversing a complex terrain, we can
use the energy function E : X → R along the trajectory
of the robot. Given the energy function E, the total energy
consumption can be computed by integrating ∂E/∂t along
the path of the robot as shown in (6). The energy at state x
can be defined as follows:

E(x) = K(x) + P (x), (7)

where K is the kinetic energy and P is the potential energy.
Since we assume the translational velocity is constant, we
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Fig. 5. The average trajectory cost as a function of deadlines for each scenario of (P1) (without obstacles). The average cost of each algorithm is computed
from 20 independent trials and one standard deviation is shown as an error bar. The inset in each figure is a magnified cost graph for running times over
1800s. Legend: RRT* (red), SCERRT* (green), TCERRT* (blue), and CARRT* (magenta).
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Fig. 6. The average trajectory cost as a function of deadlines for each scenario of (P1) (with obstacles). The average cost of each algorithm is computed
from 20 independent trials. The inset in each figure is a magnified cost graph for running times over 1800s. Legend: RRT* (red), SCERRT* (blue), TCERRT*
(magenta), and CARRT* (M) (green), CARRT* (W) (black).
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Fig. 7. (a) The proportion of long extensions over all extensions. (b) The
number of nodes in a search tree over the number of all extensions.

ignored the kinetic energy in this paper. For the discussion
below, the argument x is omitted.

The potential energy P can be defined as:

P = Pg + Pf + Pa, (8)

where Pg = mvgh is the potential energy due to gravity, Pf =
µmvg cos(φ)∆s is the potential energy for friction, and Pa =
1
2ρfSaCdv

2∆s is the potential energy for the aerodynamic
force. Here, mv is the mass of the vehicle, h is the height,
g is the gravitational acceleration constant, φ is the heading
angle with respect to the ground plane, µf is the coefficient
of friction, ∆s is the moving distance at velocity v, Cd is the
drag coefficient, ρf represents the density of the fluid, and Sa
represents the front area of the vehicle.
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Fig. 8. Computational times over the number of nodes in a search tree. The
shaded area indicates twice the standard deviation over 20 runs. Legend: RRT*
(red), SCERRT* (blue), TCERRT* (magenta), and CARRT* (M) (green),
CARRT* (W) (black).

3) Evaluation: The cost function (6) based on the energy
function defined in the previous section is applied to all
algorithms. All parameters used in this simulation study are
set based on a Pioneer 3DX robot as follows: mv = 9kg,
µf = 0.001, ρf = 1.22Ng2m−4, Sa = 0.087m2, Cd = 0.05.
We assume that there is no obstacle in the terrain but it can
be easily introduced.

We generated three simple scenarios (from S1 to S3) to
study behaviors of different algorithms. The first and second
scenario has a valley and a hill, respectively, between x0 and
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Fig. 9. Examples of simple and complex scenarios used in simulation and
low-cost trajectories found by RRT* and the proposed algorithm for SDPP.
The color over the field represent the costmap. The brown color represents
the high altitude and the green color represents the low altitude.

Xgoal. The third scenario has a few valleys and hills. The
left figure in Figure 9 shows a costmap and trajectories found
by RRT* and the proposed algorithm. Each algorithm is run
for 20 times to compute the average values. We extended the
termination time to 4,000 s, compared to (P1), since it took
more time to find the optimal path for these cases. Aver-
age energy consumptions for trajectories found by different
algorithms are shown as a function of the running time in
Figure 10. One standard deviation is shown in an error bar.
The proposed algorithm shows the convergence to the optimal
low-cost trajectory for all 20 runs for the given deadline of
4,000 seconds, but the deadline is short for other algorithms
to converge to the optimal solution. However, given enough
time, RRT* and other algorithms find the same solution that
CARRT* finds as expected. The optimal trajectory tends to
go around local minimum or maximum regions, so it avoids
valleys and hills.

We then tested algorithms with four complex scenarios.
Each scenario has multiple valleys and hills, unlike the simple
scenarios. We randomly set x0 and Xgoal for all scenarios like
in P1. The minimum-cost trajectories found by RRT* and the
proposed algorithm are shown in the right figure of Figure 9.
Figure 11 shows the average minimum energy consumption
as a function of times for each algorithm. Once again, for all
scenarios, the proposed algorithm shows the best result. Like-
wise, the proposed algorithm finds a trajectory with less cost at
the beginning compared to other algorithms. Furthermore, the
final cost of result from the proposed algorithm is much less
than other algorithms, since the state space is more complex
than the scenarios in (P1).

In order to validate trajectories obtained from simulation,
we ran realistic physics-based simulations using the robot
operation system (ROS) [42]. The ROS simulator provides a
plugin for a differential-drive robot, such as Pioneer 3DX. The
path found by a path planning algorithm is used to guide a
robot in ROS and Gazebo is used to display how a robot moves
in the terrain. Snapshots from the simulation are shown in
Figure 12. The arrows represent a path found by an algorithm.
As shown before, CARRT*(M) goes around the valley since
it is more energy-efficient to move around a local valley.

C. Humanoid Robot Motion Planning (P3)

The major advantage of the proposed method is its ef-
ficiency in a high dimensional space. In this section, we
apply the proposed method to the problem of efficient motion
planning of a humanoid robot with high degree of freedom.

1) State Space: A humanoid robot Nao shown in Fig-
ure 13(a) is used for the experimental evaluation of CARRT*.
It has a total of 25 degrees of freedom. Since we are interested
in manipulating arms of a Nao and each arm has five joints,
we limit the state space of Nao to five dimensional space, i.e.,
X ⊂ R5. Figure 13(b) shows five joints. The configuration
space Xfree is defined within the joint angle constraints
specified in Figure 13(b) and Xobs contains not only obstacles
but also the torso and the head of a Nao. We also consider a
ten-dimensional space for controlling both arms of a Nao.

2) Energy Function: In this section, we define the energy
function suitable for the motion of a humanoid robot. Unlike
a ground vehicle, the consumed energy of a humanoid robot
can be obtained by computing the joint torques. The time
derivative of energy function ∂E/∂t shown in (6) can be
defined as follows:

∂E

∂t
= f(x) · ∂x

∂t
, (9)

where f : X → Rd represents the torque function described
in [44]. Joint torque values are obtained from the torque
function using humanoid manipulator dynamics [44]. In this
work, we ignore the velocity and acceleration of joints and
approximate the torque function by considering only joint
angles. When we measured the current flow on each joint from
a robot in real experiments, the value was too noisy. So we
moved arms slow enough along the given trajectory to obtain
accurate measurements. Hence, the assumption barely affects
the estimation of the consumed energy.

3) Evaluation: We compared the proposed algorithm
against the standard RRT and RRT*. Since the general RRT
uses the distance to the goal as the cost function when it
extends a tree, we applied the energy function to the path
obtained from RRT to compute the consumed energy. We
generated two scenarios for single-arm and dual-arm manip-
ulations: one is to position both hands to hold a box on a
table by moving arms without colliding with the table and the
another is to hand over an object from the right hand to the
left hand by avoiding obstacles. Both scenarios are shown in
Figure 15 and 16. For a single arm case, the same tasks are
applied to only one arm and the other arm is kept in the goal
region.

For all scenarios, we performed a total of 10 runs of each
algorithm using different pre-specified random seeds and set
the time deadline to terminate the algorithm as 10,000 seconds
for a single-arm case and 30,000 seconds for a dual-arm case,
respectively. Figure 14 shows the average cost of 10 trials,
along with one standard deviation error bars. The costs of
the standard RRT are too high to be included in Figure 14,
where the average costs of RRT are 896.6 J and 1882.4 J
for single and dual arm cases, respectively, in Scenario 1
and are 553.6 J and 1144.8 J, respectively, in Scenario 2.
Even if RRT* converges to the optimal solution given enough
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Fig. 12. A sequence of snapshots of a Pioneer 3DX robot following a given trajectory for the proposed algorithm in a ROS+Gazebo simulator. The white
arrows are segments of the energy-efficient path found by CARRT*(M).

(a) (b)

Fig. 13. (a) A Nao humanoid robot from Aldebaran. (b) Joints of the right
arm of Nao and joint angle constraints [43].

time, the cost of its initial solution is relatively high and the
convergence rate is extremely slow. This is because RRT*

requires dense sampling to improve its solution by refining
the tree. The proposed algorithm finds a near-optimal solution
fast with fewer samples since it extends the tree by considering
the quality of the path. Thus, the proposed algorithm can
find a good solution faster. For both scenarios, the proposed
algorithm shows the best results.

4) Experiments: The processes of following the trajectory
using a real humanoid robot for two scenarios are shown
in Figure 15 and Figure 16, respectively. Each figure shows
results obtained from RRT* and CARRT*, respectively, for the
dual-arm case. The red lines shown in Figure 16 represent the
trajectories of end-effectors (i.e., both hands). We demonstrate
the results of experiments through the torque value and angle
derivative as a function of time shown in Figure 17. As
explained in Section IV, the proposed algorithm tends to plan
a motion while maintaining a specific configuration of the
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Fig. 14. The average trajectory cost (in joules) as a function of deadlines for two manipulation scenarios. The average cost of each algorithm is computed
from 10 different runs with random seeds and one standard deviation is shown as error bars.

whole arm for energy efficiency. As shown in snapshots of
the first column of Figure 15, two hands of the robot are
located under the table. In order to place two hands in the
position for holding an object, the robot should first raise
two arms to its side by moving the RShoulderRoll joint.
There is a big difference between two algorithms in terms
of the energy consumption between 0 s and 15 s. The energy
consumption of RRT* is relatively high during this interval.
RRT* immediately starts to move the RShoulderRoll joint
while keeping the current joints stationary. However, the initial
position of the first scenario requires more energy when it
moves the RShoulderRoll joint. As shown in Figure 17(a),
the torque value of RShoulderRoll is high at the beginning.
Since a multiplication of the torque and the angle derivative
represents the consumed energy derivative, it is more efficient
to move other joints in the beginning, e.g., RShoulderPitch
and RElbowRoll, to configurations with less torque values and
then move the RShoulderRoll joint as less as possible, which
is what CARRT* does.

The results are more distinguishable in the second scenario.
While RRT* moves directly to the goal state with less con-
sideration about energy-efficient configurations, the proposed
algorithm first lifts both arms vertically and then move arms
horizontally to hand over an object (see red lines shown in
Figure 16 for the trajectory). It is confirmed from the torque
and angle derivative values shown in Figure 17(b). Since
all joints, especially RShoulderRoll, have large torque values
between 0 s and 18 s as shown in Figure 17(b), the proposed
algorithm changes only RShoulderPitch while raising arms.
Then, it gradually increases angle derivatives of RSholderRoll
and RElbowRoll after the torque value of those joints are
reduced.

Even for longer deadlines, the proposed algorithm shows su-
perior performance compared to RRT* as shown in Figure 18.
Since dense sampling is required to find the optimal solution
in RRT*, much more time is needed in a high dimensional
space. Overall, the proposed algorithm tends to move joints
with relatively less torque values while maintaining a specific
configuration of other joints to reduce the consumed energy.

VIII. CONCLUSIONS

In this paper, we have presented a cost-effective motion
planning algorithm which finds the minimum cost trajectory

in complex and realistic environments. When a costmap with
environmental parameters over a configuration space is avail-
able, the proposed algorithm finds a suitable trajectory of a
robot with the minimum cost. Furthermore, it finds a highly
energy-efficient path for traversing a complex terrain with
different elevation or performing a manipulation task in a high
dimensional space. The proposed method takes advantages
of a sampling-based RRT* for exploration and nonmyopic
tree extension using a stochastic optimization method, cross
entropy (CE). From empirical evidences, including simulation
and experiments using a humanoid robot, we show that the
proposed algorithm can find a more cost-efficient path in a
shorter time than existing algorithms.

APPENDIX A
PROOF OF LEMMA 1

We first make the following usual assumptions about the
dynamical system.

Assumption 1. (Deterministic system) The dynamical system
f is deterministic, i.e., it is uniquely determined for a given
set of input and state.

Assumption 2. (Smoothness). The dynamical system f is a
smooth function, such that derivatives of any order can be
taken with respect to both of its arguments.

Assumption 3. (Lipschitz continuity). The dynamical system
f is Lipschitz continuous in the following sense: There exists
some constants L1, L2 ∈ (0,∞) such that

‖f(x, u)− f(x′, u)‖ ≤ L1‖x− x′‖ and (10)
‖f(x, u)− f(x, u′)‖ ≤ L2‖u− u′‖ (11)

for all x, x′ ∈ Xfree and all u, u′ ∈ U .

Let Assumption 1 hold. If the state of the robot is x at
time t, the state at time t + ∆t is uniquely determined as
x(t+ ∆t) = x(t) +

∫ t+∆t

t
f(x(t), u(t))dt for u(t). Since

ẋ = f(x, u) =
dx

dt
' x(t+ ∆t)− x(t)

∆t
, (12)

for small amount of time ∆t, the solution can be written as

x(t+ ∆t) = x′ = x+ ∆tf(x, u) + ξ1, (13)
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(a) RRT*

(b) CARRT*

Fig. 15. Scenario 1: a robot moves hands to hold an object on a table. (a) and (b) show the process of following a trajectory obtained from RRT* and
CARRT*, respectively from left (initial pose) to right (goal pose).

(a) RRT*

(b) CARRT*

Fig. 16. Scenario 2: a robot hands over an object from the right hand to the left hand while avoiding an obstacle on a table. Red lines in both figures
represent trajectories of hands.

where ξ1 is the high order term. If a perturbed input, u + δ,
is applied to the system for small δ, then the state z at time
t+ ∆t is as follows:

z(t+ ∆t) = x+ ∆tf(x, u+ δ) + ξ2. (14)

Let Assumption 2 and Assumption 3 hold. Provided that |ξ1−
ξ2| is negligible for small ∆t, we can find δ such that ‖x(t+
∆t) − z(t + ∆t)‖ < ε Hence, with probability at least c =
|δ|/(umax − umin) > 0, we can randomly select an input to
steer the robot to Bε(x′).

APPENDIX B
PROOF OF THEOREM 2

CARRT* attempts to perform a long extension towards
xrand if the distance between xnearest and xrand is larger than
η. Hence, if we can show that an ordinary RRT algorithm can
construct a tree with a long extension constructed by CARRT*,
Theorem 1 can be applied to show the probabilistic complete-
ness of CARRT*. Suppose that there exists an ε-free feasible
path π(t) from xnearest = π(0) to xrand = π(T ). We first
construct a set of balls of radius at least ε, B = {B0, . . . ,BM},
covering π. The center of B0 is xnearest and the centers of
two consecutive balls are exactly ‖π(t) − π(t + ∆t)‖ apart.
Each ball Bm for m ∈ {1, . . . ,M} has radius ε centered at
each configuration π(m∆t) for all m ∈ {1, 2, . . . ,M}, where
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Fig. 17. The angle change and torque value on each joint as a function of time for (a) first scenario and (b) second scenario. Top figures show how much each
joints moves and bottom figures show the loaded torque on each joint. The red, green, and blue line represents the values of RShoulderPitch, RShoulderRoll
and RElbowRoll, respectively.

Fig. 18. Costs of paths found by RRT* and the proposed algorithm over
longer time deadlines (in seconds) for one trial.

T = M∆t. Without loss of generality, we assume that all
vertices in the RRT tree, except xnearest, are at least (1 + i)ε
away from Bi for all i.

From Lemma 1, we know that xnearest can reach within
B1 with a positive probability for a random input on some
time interval [0,∆t], Now, we extend the applied input time
to 2∆t. By the Lipschitz continuity of the system and the
existence of an ε-free feasible path to the goal, there exists
R2ε(xnearest) and R2ε(xnearest) ∩ B1 is measurable. Hence,
we can find a nonempty range of inputs to steer from a state in
R2ε(xnearest)∩B1 to a state in B2 on time interval [∆t, 2∆t]
using Lemma 1 again. Thus, we can sample inputs sequentially
such that each new vertex added to the RRT tree falls in each
ball Bm sequentially. Since M is finite, there is a positive
probability that a long extension from xnearest to xrand can
be added by the RRT algorithm.

APPENDIX C
PROOF OF THEOREM 3

The proof of the theorem is similar to that of Theorem
38 in [5] for holonomic dynamical system and Theorem 5
in [45] for nonholonomic dynamical system. We first review
the asymptotic optimality condition of RRT* and show that
CARRT* satisfies those conditions. In order to show the
asymptotic optimality of RRT*, we begin with the construction
of a sequence of paths {πn} of εn-free feasible paths from
xinit to Xgoal and show that πn converges to the optimal
path π∗ as n →∞ by making a set of ball sequences {Bn},
such that Bn covers πn for all n [5]. Consider any sequence
Bn = {Bn,1, . . . ,Bn,M} from {Bn}. If each ball contains at
least one vertex of RRT* with probability one, then a vertex
x in Bn,m is connected to a vertex x′ in the consecutive
ball Bn,m+1 for all m. This is possible due to the choice of
γRRT∗ and the connection radius rn = γRRT∗( log(n)

n )
1
d . Let

π′n be a path obtained by RRT* after n iterations. It is shown
that π′n converges to πn as n increases with probability one.
Since π′n converges to πn and πn converges to π∗, RRT*
is asymptotically optimal. Hence, the critical condition for
the asymptotic optimality is that vertices within radius rn are
connected in a cost-efficient manner.

At the end of every iteration, CARRT* grows by generating
the path P∗(t) from x = P∗(0) to x′ = P∗(T ) towards
xrand for any random point xrand like RRT*. However, since
CARRT* performs a long extension for ‖x − xrand‖ > η,
P∗(t) is obtained by applying sequentially sampled inputs
with time interval ∆t from x to x′ unlike RRT*. In order
to insert the whole path P∗(t) to the tree without losing
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information of P∗(t), we first discretize P∗(t) into a set
of vertices {x0, . . . , xK} with time interval ∆t, located at
P∗(k∆t), where x0 = x, . . . , xK = x′ and T = K∆t.
Then, for a set of vertices, {x1, . . . , xK}, except x0, CARRT*
regards each vertex as a new vertex added to the RRT tree
and sequentially inserts xk and an edge to xk to the tree. For
any vertex xk inserted to tree, CARRT* performs the rewiring
procedure by attempting to create an edge from the vertex xk
to its neighbors within radius rn = γRRT∗( log(n)

n )
1
d . Note that

since CARRT* adds several vertices to the tree in a single
iteration unlike RRT*, n denotes the number of vertices in
the tree. On this account, we can show the existence of the
connection between balls with radius rn. Using this fact and
Lemma 71 in [5], we know that each ball in Bn contains
vertices and every subsequent balls in Bn are connected
via vertices with probability one as n increases. It follows
that P(limn→∞ π′n = π∗) = 1 due to Lemma 72 in [5].
Hence, CARRT* returns an optimal solution asymptotically
as desired.
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