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Abstract—1In this paper, we propose a novel regression
method that can incorporate both positive and negative training
data into a single regression framework. In detail, a leveraged
kernel function for non-stationary Gaussian process regression
is proposed. With this new kernel function, we can vary the
correlation betwen two inputs in both positive and negative
directions by adjusting leverage parameters. By using this prop-
erty, the resulting leveraged non-stationary Gaussian process
regression can anchor the regressor to the positive data while
avoiding the negative data. We first prove the positive semi-
definiteness of the leveraged kernel function using Bochner’s
theorem. Then, we apply the leveraged non-stationary Gaussian
process regression to a real-time motion control problem. In
this case, the positive data refer to what to do and the negative
data indicate what not to do. The results show that the controller
using both positive and negative data outperforms the controller
using positive data only in terms of the collision rate given
training sets of the same size.

I. INTRODUCTION

Recently, machine learning techniques using kernel meth-
ods, such as kernel support vector machines (SVMs), ker-
nel principal component analysis (KPCA), and Gaussian
processes have gained popularity. Mathematically, a kernel
function k(x,x’) : X x X > R is equivalent to an inner-
product, {¢(x),d(x"))4, in the reproducing kernel Hilbert
space (RKHS), H, with some mapping function ¢ : X — H.
The existence of the mapping ¢ can be shown using the
Mercer’s theorem which states that if a kernel function k(-, -)
is positive semi-definite, there exists a corresponding RKHS
emphasizing the importance of the positive semi-definiteness
of a kernel function. Intuitively speaking, a kernel function
k(x,x") indicates a correlation between two input points x
and x’. Understandably, defining an appropriate kernel func-
tion is of the utmost importance in using kernel tricks and
numerous kernels have been proposed for diverse purposes
(1], [2].

In particular, Gaussian process regression (GPR) has been
widely used in a number of practical applications [3], [4].
Gaussian process regression is a non-parametric Bayesian
regression algorithm which predicts the output of an unseen
input by assuming both training data and unseen input follow
a jointly Gaussian distribution. In this case, a kernel function
k(x,x") defines the covariance between x and x’. Since
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a covariance matrix K, whose entries are specified by the
kernel function, i.e., K;; = k(z;, x;), must satisfy positive
semi-definiteness, a kernel function for a Gaussian process
must be a positive semi-definite function.

Since a kernel function indicates the correlation between
two input data, most of the existing kernel functions are
decreasing functions of the distance between inputs. Perhaps,
the most famous one is a squared exponential (SE) kernel
function k(x,x’) = oexp (—W) To the best of our
knowledge, the only exceptions are the periodic kernels [1],
[5]. In a random process, when the covariance between two
inputs, x and x’, are completely specified by a function
of displacement between two inputs, x — x’, we call such
processes and covariance functions as stationary random
processes and stationary covariance functions, respectively.
When these stationary covariance functions are used in
Gaussian process regression, we call it stationary GPR.

The assumption behind stationary GPR is that the function
we are trying to model has a homogeneous smoothness. In
order to handle functions with inhomogeneous smoothness,
non-stationary GPR has been proposed [6]. The main idea
is to add additional parameters in a kernel function for con-
trolling the local smoothness while preserving the positive
semi-definiteness. In this case, however, one must define a
smoothness over all input space, which often requires heavy
computational load [6].

In this paper, we propose a leveraged non-stationary kernel
function which can control the leverage of each training data,
not only to the positive direction, but also to the negative
direction while satisfying the positive semi-definiteness con-
dition. In the general regression framework, the training data,
D ={(x,y);|i =1,...,N}, where x; € X is an input and
y; € Y is an output, usually work as anchor points, making
the regressor f : X - ) to be close to points in D. The
proposed kernel function, however, let the regression result
to be close to positive training points and far from negative
training points. When this regression framework is adapted
to a motion controller, the positive data and negative data
indicate ‘what to do’ and ‘what not to do’, respectively.
From various robot navigation simulations, controlling with
both positive and negative examples is much more effective
and efficient than controlling with positive examples only in
terms of the required number of data.

The remaining paper is organized as follows. In Section
IL, non-stationary Gaussian process regression is introduced.
A new regression framework that can use both positive and
negative training data is proposed in Section III. In Section
IV and V, we apply the proposed non-stationary Gaussian



process regression to the motion control problem and validate
the performance both in simulations and actual experiments
using a Pioneer 3DX mobile robot with two Kinect cameras.

II. PRELIMINARIES

In probability theory, a random process is called a wide-
sense stationary process if its mean function m(x) is con-
stant and a covariance function k(x,x") is a function of a
displacement vector k(x,x") = kg(x —x'). If a covariance
function is a function of the distance between two inputs,
k(x,x") = kr(||x — x'||), such covariance function is called
an isotropic kernel function.

Gaussian process regression (GPR) is called stationary
GPR if a stationary kernel function is used. The assumption
behind using stationary GPR is that the function of our
interest has the homogeneous smoothness. However, this may
not be always the case, and in [6], the authors proposed non-
stationary Gaussian process regression using the following
non-stationary kernel function:
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With this non-stationary kernel function, we can manually
control the local smoothness by additional parameters: X;
and X;. Since a kernel matrix works as a covariance matrix in
a Gaussian process, it must satisfy the positive semi-definite
condition:
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Unfortunately, directly showing (2) for a given kernel
function is not trivial. In [6], the authors proved the positive
semi-definiteness of (1) using the following theorem by
Higdon, Swall, and Kern (HSK) [7].

Theorem 1 (HSK Theorem): A  covariance  function
C(z;,x;) defined by
O(xi,%;) = fR Ko, () Ko (u)du, 3)

where x;, Xj, u € R?, and K() is a basis kernel function
centered at X, is positive semi-definite.

Using Theorem 1, one can avoid the difficulties in ver-
ifying the positive semi-definiteness of a kernel function.
Deriving the non-stationary kernel function (1) can be easily
done by setting Kyx(u) = M(ulx,X). The integration over
R? can be handled using the properties of Gaussian distribu-
tions, in that the product of two Gaussian probability density
functions is a pseudo-Gaussian.

However, it is still difficult to prove positive semi-
definiteness of an arbitrarily given function as we have to
find a basis kernel Ky (u) which forms the given function
of interest as shown in (3). Another way of showing positive
semi-definiteness is using the Bochner’s theorem [8].

Theorem 2 (Bochner’s Theorem): Let f be a bounded
continuous function on R%. Then, f is positive semi-definite

if and only if it is the (inverse) Fourier transform of a
nonnegative and finite Borel measure g, i.e.,

6= [, e putdw). @

In particular, Theorem 2 states that if a Fourier transform
of a function f is non-negative, then f is positive semi-
definite.

Theorem 3: If a bounded continuous function f : R? - R
is a (inverse) Fourier transform of a non-negative density
function of a Borel measure p, then f is positive semi-
definite.

Proof: Let g(w) > 0 be a density of a Borel measure
u, i.e.,

u(E) = [ g(wyaw.

If we assume ¢ is a Fourier transform of a bounded and
continuous function f, f can be written as follows:

1= [ e *g(wydw. )

From (5), one can directly prove positive semi-definiteness
of f as follows:
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This theorem will be used in Section III-A to prove positive
semi-definiteness of the proposed kernel function.

III. REGRESSION WITH BOTH POSITIVE AND NEGATIVE
EXAMPLES

The non-stationarity of the kernel function (1) comes
from the kernel’s capability to adjust local smoothness by
assigning ; for each data sample x;. In this section, we
focus on the leveraged non-stationary kernel function for a
non-stationary Gaussian process that can vary the leverage
of training data.

The motivation behind the development of this kernel
function starts with a relatively simple question. Is it possible
to use negative examples in a regression framework? As
the goal of a traditional regression problem is to find a
function (or a regressor) that can best fir given training data,
D ={(x,9)i,i = 1,..., N}, where x; and y; are input and
output, respectively, it usually anchor the regressor to those
input and output points.

In our regression formulation, positive data work as an
attractive force making the regressor as close as possible



to such points, and negative data work as a repulsive force
making the regressor as far as possible from such points.
Moreover, it can also vary the leverage of each training data
from fully negative (—1) to fully positive (+1). In particular,
when the leverage is 0, the corresponding data will have no
effect on the regression.

A. Leveraged Kernel Function

In this section, we propose a leveraged kernel function
that can be used in a novel regression framework which can
incorporate both positive and negative training data. Further-
more, we prove that the proposed leveraged non-stationary
kernel function satisfies the positive semi-definiteness (PSD)
condition using kernel composite rules and Theorem 3.

Each training data has its leverage parameter which varies
from -1 to +1, where —1 indicates a fully negative leverage
and +1 indicates a fully positive leverage. Following is the
proposed leveraged kernel function:

k(xi,x;) = (1= |vi =) kse(xi, x5), 6)

where ksp(xi,x;) = 0?@@(—%(@)2)’ x; and X;
are input points, 7; and «y; are leverage parameters of the
i-th and j-th inputs, respectively, and 0 = {07, 02} are
hyperparameters of the Gaussian process. For test (unseen)
inputs, v will be set to be 1.

Proposition 1: The proposed leveraged kernel function (6)
is a positive semi-definite function.

Proof: Let us begin the proof with the basic properties
of generating new kernel functions from existing valid kernel
functions. Here, we assume that a valid kernel function
satisfies the PSD property. Then the sum and product of two
valid kernel functions are also valid [1].

One interesting property of a kernel function is that
if k(x1,x}) and Fk(xg,x5) are valid over different
spaces X; and X,, then the tensor product k(x,x’') =
k(x1,x])k(x2,x5) is also a valid kernel function defined
on the product space &) x X5. These properties can easily
be verified using the definition of the PSD (see Chapter 4 in
[1] for details).

Using these properties, we can decompose the kernel
function (6) into two parts. The first term is

k(visvi) = (1= |vi =) (7

and the second term is

2
kSE(xi,xj):a?exp(—l(Hxi_xjH) ) (8)

2 O

The proposed leveraged kernel function (6) is a tensor
product of two kernel functions, (7) and (8). As (8) is a well-
known squared exponential (SE) kernel which satisfies the
PSD, proving (7) is a PSD function with respect to every
7v; and ~y; in [-1, 1] will complete the proof. Note that
indicates the leverage and has values between —1 and 1.

Theorem 3 states that showing the non-negativeness of a
Fourier transform of a stationary kernel, i.e. k(x,2") = k(x-
x'), is equivalent to showing the positive semi-definiteness.
Thus, showing the Fourier transform of
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Fig. 1: The proposed leveraged kernel function with different
values of ~y; and ;.

is non-negative will complete the proof. Since the domain of
(9) is [-2,2], without loss of generality, we can extend (9)
to be a periodic function with period 4 outside the domain,
ie., k(t+4)=k(t).

As the extended function of (9) is a periodic even function,
we can express (9) as a Fourier series as follows:

1 r2 —imnt

EIQk(t)exp( 5 )dt
1-(-1)"

2 m2n2

Cp, =

for even n,

0
) {4/(n27r2) for odd n. (19)

As the Fourier coefficient (10) is non-negative for all in-
tegers, by the Theorem 3, the kernel (9) is positive semi-
definite, which completes the proof. [ ]

The shape of the proposed leveraged kernel function
is shown in Figure 1. We can see that between positive
examples (and negative examples), the kernel function works
as an ordinary squared-exponential kernel function. However,
between positive and negative data, the correlation decreases
as the distance between inputs decreases.

As we assume that the leverage of unseen data is 1, the
positive training data will work as the ordinary training data.
However, as being close to the data with a negative leverage
will lower the correlation, the resulting regressor will be far
from such data.

B. Leveraged Non-Stationary Gaussian Process Regression

The non-stationary Gaussian process regression results
using the proposed leveraged kernel function are shown in
Figure 2(a). The leverages, +;, are shown at the top of each
training data. As illustrated in Section III-A, the training data
with « = 1 correspond with the ordinary positive training data
and the training data with v = —1 work as negative training
data. In particular, for those with v = 0, such data will have
no effect on the resulting regressor.

Figure 2(a) shows regression results of stationary GPR
using a squared exponential (SE) kernel and non-stationary
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Fig. 2: (a) Ordinary Gaussian process regression using a
squared exponential (SE) kernel function. (b) Gaussian pro-
cess regression using the proposed leveraged kernel function.

GPR using the proposed leveraged kernel (6). In particular,
for non-stationary GPR, third, eighth, and ninth data points
work as negative data (v = —1) and the rest of the data work
as positive data (v = 1). As shown in Figure 2(a), the non-
stationary Gaussian process regression tends to anchor to the
positive data and drift away from the negative data.

Figure 2(b) shows how the non-stationary GPR varies with
different leverage parameters . The removed GPR is the
regression result using only the positive training data, i.e.,
D = {(z,y):]7i = 1,2,4,5,6,7,10}. We can see that non-
stationary GPR with 6 = 0 and removed GPR have similar
results as the training data with v = 0 have no effect to the
regressor in the proposed non-stationary GPR.

IV. SIMULATION

In this section, we applied the proposed regression frame-
work to a real-time motion control problem using an au-
toregressive Gaussian process motion controller (AR-GPMC)
[3]. In particular, we validate our assumption that incorpo-
rating both positive and negative training data will result in
a more effective control when given the same number of
training data.

A. Gaussian Process Motion Controller

In our previous work [3], a real-time motion controller
for dynamic environments is proposed. To be specific,

an autoregressive Gaussian process motion controller (AR-
GPMC) was proposed to make a safe control in a dynamic
environment. An AR-GPMC is a mapping F, : 7 - U from
a trajectory space 7 € R?P, where p is the length of an
input trajectory of a moving obstacle, to the control space
U < R? and Gaussian process regression is used to model the
mapping. In other words, an AR-GPMC can control a robot
by avoiding an incoming dynamic obstacle given recent p
consecutive positions.

First, we used the following squared exponential (SE)
kernel for an AR-GPMC:

12
UJQ‘ exp (_2 > (Ti - ) Sy (73 - Tzl))
i=1

(In

where 7 € T is a trajectory of an obstacle, p is the length of
the trajectory 7, 6 = (07, ¥4y, 0%,) are hyperparameters, and
d: 7 =1if 7=7" and zero otherwise.

Then, the motion control is generated by an AR-GPMC
as follows:

ksg(r,7")

+ 0-121;57,7’7

e = ksp(Te, 7in, ) T (12)

where

Ty = (kse(Tin,, TN, ) ML, , (13)

7. € T is the currently observed trajectory, [V, is the number
of training data, 7y, are trajectories in the training data, and
U1, are the corresponding controls in the training data.

The proposed non-stationary Gaussian process regression
using the leveraged kernel function (6) can be used effec-
tively in this regard as it can incorporate both positive and
negative examples. It can be interpreted as training a motion
controller using both what to do and what not to do. In
the case of training a motion controller that avoids incoming
dynamic obstacles, what to do corresponds to the control that
dodges approaching obstacles and what not to do corresponds
to the control that runs into obstacles.

Both positive and negative training data are obtained using
sampling-based finite-time horizon control. For example, the
positive training data try to reach the goal position while
maintaining the minimum distance between the robot and
obstacles and the negative training data try to collide with
the closest obstacle. Once the training data are collected, we
used the determinantal point process (DPP) [9] to select a
fixed number of diverse training data.

B. Setup

To make a realistic setup, we assume that a robot can only
obtain information from its egocentric view. The field of view
(FOV) is set to 120° and this is due to the fact that Microsoft
Kinect sensor used in our experiments has 57° FOV and
we assume that we use two Kinects for a larger FOV. The
number of pedestrians varies from one to six to validate the
safety of the proposed method under different conditions.
For each setting, 100 independent runs are performed and
the goal of the robot is to reach the goal position without
any collision.

In order to validate the efficiency of using the non-
stationary Gaussian process in motion control, we performed



simulations under four different scenarios: 150 positive train-
ing data, 300 positive training data, 100 positive and 50
negative training data, and 200 positive and 100 negative
training data. When there is no incoming pedestrian, the
robot tries to reach the goal using pure pursuit (PP) low-
level controller [10].

C. Results

Two criteria have been used to evaluate the performance
of the proposed algorithm: the average collision ratio and the
total elapsed time to the goal location. The overall results are
shown in Figure 3.

Figure 3(a) and 3(b) show the average collision rates
and the average minimum distances to the robot from 100
independent runs for different numbers of obstacles. We
set the distance threshold for collision to 50cm which
is the minimum detectable distance of the Kinect sensor.
As expected, the non-stationary Gaussian process motion
controller that uses both positive and negative training data
has outperformed the Gaussian process motion controller that
uses the positive training data only in terms of the average
collision ratio given the same number of training data. The
collision ratio of the controller using 100 positive and 50
negative training data is even better than that of using 300
positive training data. The elapsed time of four different
scenarios is shown in Figure 3(c) and we can notice that
it takes more time to reach the goal when using the non-
stationary Gaussian process motion controller as the robot
tries to avoid approaching objects by moving backward.

V. EXPERIMENTS
A. Setup

We have conducted field experiments using a Pioneer 3DX
differential drive mobile robot with two Microsoft Kinect
cameras mounted on top of the robot as shown in Figure
5. All programs are written in MATLAB including mex-
compiled ARIA package for controlling a Pioneer mobile
robot. The positions of pedestrians are detected using the
skeleton grab API of two Kinect cameras which run approx-
imately at 20 H z. The whole system including the pedestrian
tracking and the motion control algorithm runs at about 5 H z
on a 2.1 GH z notebook. Eight sonar sensors equipped in the
Pioneer platform are used to avoid an immediate collision.
This exception routine using sonar sensors is activated if the
minimum distance between the robot and pedestrians are less
that 50 cm as a Kinect camera cannot detect an object closer
than 50 cm.

B. Results

We have performed experiments to demonstrate two ob-
jectives. The first objective is to make a quantitative experi-
mental comparison between two motion controllers: the non-
stationary Gaussian process motion controller (NS-GPMC)
trained with both positive and negative training data and
the stationary Gaussian process motion controller (GPMC)
trained solely with positive training data. The other objective
is to show that the proposed motion controller (NS-GPMC)

TABLE I: Experimental results.

NS-GPMC GPMC
Collision rate 5.0% 15.8%
Average minimum distance 1016.2 mm | 856.1 mm
Average backward time 2.15 sec 1.74 sec

can control a robot safely in a crowded dynamic environ-
ment.

First, we have evaluated the performance of the NS-GPMC
and compared to the GPMC. In particular, we used a set
with 200 negative and 100 positive data for the NS-GPMC
and 300 positive data for the GPMC. In each scenario, 20
experiments are done, and the objective is to reach the goal
position, which is at 5m from the starting position, while
avoiding collisions with an incoming pedestrian who follows
a predefined path with the same velocity for repeatability.
The minimum distance between the robot and the pedestrian
is computed using the eight sonar sensors on the Pioneer
3DX mobile robot and the threshold distance for deciding a
collision was set to 50cm. As shown in Table I, the NS-
GPMC achieves a collision rate of 5.0%, which is 68 %
lower than GPMC’s 15.8%, while the average minimum
distance is 1016.2 mm, which is 18.7 % higher than GPMC’s
856.1 mm. Furthermore, the average time of a robot moving
backward is computed for both methods and it shows that
the NS-GPMC is more likely to move backward to avoid an
approaching pedestrian.

It is worthwhile to note that all the outputs (controls)
of the negative training data have positive velocities, i.e.,
going straight. However, when these negative training data
are applied to the proposed NS-GPMC, the resulting motion
is likely to go backward which goes along with the notion
of what not to do.

We have also tested the proposed NS-GPMC in an L-
shaped corridor in a lobby, a basement, and a crowded
school cafeteria. Figure 4 shows some snapshots from the
experiment in the school cafeteria and the NS-GPMC had
successfully navigated the robot in this crowded dynamic
environment.

VI. CONCLUSION

In this paper, we have proposed a novel regression frame-
work that can incorporate both positive and negative training
data into a single regression framework. In detail, a lever-
aged kernel function for non-stationary Gaussian process
regression is proposed. The leveraged kernel function can
not only vary the correlation between two inputs in the
positive direction but also to the negative direction using the
leverage parameter . By using this property, the resulting
non-stationary Gaussian process regression can anchor the
regressor to the positive data while avoiding the negative
data. In addition, we have proven the proposed kernel func-
tion is positive semi-definite using Bochner’s theorem and
characterized its mathematical interpretations. The leveraged
non-stationary Gaussian process regression is applied to the
motion control problem, in which a controller learns what
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Fig. 5: A robot platform used in experiments.

to do from the positive data and what not to do from the
negative data. The results show that the controller using the
proposed leveraged kernel function based on both positive
and negative data outperforms the controller using positive
data only when training sets of the same size are used.
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