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• Pros: principled, probabilistic, predictive uncertainty
• Cons: computationally intensive (n x n matrix inversion)

Comments on GPR
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Data GPR Prediction



SPARSE GAUSSIAN PROCESSES

[Reference]
Joaquin Quiñonero-Candela, and Carl Edward Rasmussen. "A unifying view of sparse approximate 
Gaussian process regression." Journal of Machine Learning Research 6 (2005): 1939-1959.
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Sparse Approximation of a Gaussian Process
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Full GP Approximated GP



Subset of Regressors (SoR)
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Bernhard W. Silverman. Some aspects of the spline smoothing approach to non-parametric regression curve fitting.  J. Roy. Stat. Soc. B, 47(1):1–52, 
1985. 



Deterministic Training Conditional (DTC)
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Matthias Seeger, Christopher K. I.Williams, and Neil Lawrence. Fast forward selection to speed up sparse Gaussian process regression. Ninth 
International Workshop on Artificial Intelligence and Statistics. Society for Artificial Intelligence and Statistics, 2003.



Fully Independent Training Conditional (FITC)

9Robot LearningProf. Songhwai Oh 

Edward Snelson and Zoubin Ghahramani. Sparse Gaussian processes using pseudo-inputs. Advances in Neural Information Processing Systems 18, 
Cambridge, Massachussetts, 2006.



Partially Independent Training Conditional (PITC)
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GAUSSIAN PROCESS INVERSE 
REINFORCEMENT LEARNING (GPIRL)

S. Levine, Z. Popovic, and V. Koltun, “Nonlinear inverse reinforcement learning 
with Gaussian processes,” Advances in Neural Information Processing Systems 
(NIPS), Dec, 2011.
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Setting

• Markov Decision Processes and a Stochastic Policy
• Markov decision process (MDP): 𝑴 = 𝑺, 𝑭, 𝑨, 𝑻, 𝛾, 𝒓

• Goal: find the optimal policy 𝝅 which maximizes the sum of 𝒓

• Inverse Reinforcement Learning (IRL): 𝑴/𝒓 with 𝓓 = {𝜍!}
• Goal: find the underlying reward 𝒓, which best explains 𝓓
• Assumption: 𝓓 comes from experts (optimal policy)

• Stochastic Policy
• Motivation: In practice, demonstrations are inconsistent and noisy

– 𝜋 𝑎 𝑠 = !"# $(&,()
∑!" !"# $(&,(

")

• Stochastic policy can be computed by the soft Bellman equation
– 𝑄 𝑠, 𝑎 = 𝒓(𝑠, 𝑎) + 𝛾 ∑&" 𝑻 𝑠+ 𝑠, 𝑎 𝑉(𝑠+)
– 𝑉 𝑠 = log∑(" exp𝑄(𝑠, 𝑎+)
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GPIRL
• Sparse Gaussian process regression method is used to 

estimate a reward function
• Reward function is represented by the mean of posterior 

distribution of sparse Gaussian process
• 𝒓 = 𝐾𝑭#𝐾##$%𝑢

• GPIRL is capable of modeling the non-linear reward structure
• Probabilistic model using stochastic policy
• Objective function:

log 𝑃(𝓓|𝒓) + log 𝑃(𝑢|𝑋#, 𝜃) + log 𝑃(𝜃|𝑋#)

• log 𝑃(𝓓|𝒓): data fitting
• log 𝑃(𝑢|𝑋#, 𝜃): regularization of inducing output 𝑢
• log 𝑃(𝜃|𝑋#): hyperparameter regularization

Prof. Songhwai Oh Robot Learning 13



Data Log Likelihood
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• Softmax policy function:

π(a|s) =
exp(Qr

sa)
∑

a′ exp(Qr
sa′)

• Value functions are:
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• Hence, we have
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exp(Qr
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• Data log likelihood under r:

logP (D|r) =
∑

i

∑

t
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∑

i

∑

t

log π(ai,t|si,t)

=
∑

i

∑

t

(

Q
r

si,tai,t
−V

r

si,t

)



Objective Function
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Assumption: 
• Deterministic training conditional: 𝑃 𝐫 𝐮, 𝛉, 𝐗𝐮 = 𝑁(𝐊𝐫𝐮𝐊𝐮𝐮#$𝐮, 0)



LEVERAGED GAUSSIAN PROCESS INVERSE 
REINFORCEMENT LEARNING (LGPIRL)

Kyungjae Lee, Sungjoon Choi, and Songhwai Oh, "Inverse Reinforcement 
Learning with Leveraged Gaussian Processes," in Proc. of the IEEE/RSJ 
International Conference on Intelligent Robots and Systems (IROS), Oct. 2016.
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Proposed Demonstrator Model
Motivation
• General assumption of standard IRL

• Demonstrations 𝓓 come from experts (optimal policy)
• Expert always obeys the optimal policy 𝝅 which is induced by the 

underlying reward 𝒓
• Drawbacks of the assumption

• Demonstrations of experts are often distributed near high reward 
regions

• The resulting reward function learned from experts’ 
demonstrations cannot approximate low reward regions accurately

• Main Idea
• Proposed model can incorporate demonstrations about both what 

to do (positive) and what not to do (negative)
• Demonstrations about what not to do can provide information 

near low reward regions
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Proposed Demonstrator Model
• A reward function is modeled as a leveraged Gaussian process
• Leverage parameter indicates proficiency of demonstrator

• Positive proficiency indicates positive demonstrator
• Negative proficiency indicates negative demonstrator
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Leveraged IRLIRL



Leveraged Inverse Reinforcement Learning
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Problem Formulation
• Objective Function

max
𝒖,𝜽${𝜷,𝚲}

$
𝒊
log 𝑷(𝓓|𝒓 = 𝑲𝒓𝒖𝑲𝒖𝒖+𝟏𝒖, 𝒍𝒊) + log 𝑷(𝒖|𝑿𝒖, 𝜽) + log 𝑷(𝜽|𝑿𝒖)

• log 𝑷(𝓓|𝒓 = 𝑲𝒓𝒖𝑲𝒖𝒖
.𝟏𝒖, 𝒍) = ∑𝒊∑𝒋∑𝒕𝑸𝒊 𝒔𝒋𝒕, 𝒂𝒋𝒕 − 𝑽𝒊 𝒔𝒋𝒕

• log 𝑷(𝒖|𝑿𝒖, 𝜽) = − 𝟏
𝟐
𝒖𝑻𝑲𝒖𝒖

.𝟏𝒖 − 𝟏
𝟐
log |𝑲𝒖𝒖| −

𝒏
𝟐
log 𝟐𝝅

• log 𝑷(𝜽|𝑿𝒖) = − 𝟏
𝟐
𝒕𝒓 𝑲𝒖𝒖

.𝟐 − ∑𝒌(𝝀𝒌 + 𝟏)

• Objective function is maximized by a gradient ascent method

IRL Likelihood LGP Prior Prior
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Leveraged Kernel Function
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A (mean-zero) Gaussian process is fully specified by its covariance (kernel) 
function. 

Loosely speaking, a kernel function is usually a decreasing function of some 
distance measure between two inputs. 

We propose a leveraged kernel function which incorporates not only the inputs 
of the training data but also the leverage 𝛾 of each training data. 

for 𝛾	 ∈ [−1, 1]

Continuous version:



Leveraged Inverse Reinforcement Learning
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Lack of demonstrations near 
the low reward region

Negative demonstrations 
effectively provide information 
near the low reward region
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Benefits of Negative Demonstrations
Objectworld

• First row: positive and negative 
demonstrations

• Second row: reconstruction results 
of GPRIL and LIRL (proposed)

• The result from LIRL is more 
accurate than GPIRL

• Negative demonstrations provide 
information about the low reward 
region
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Positive demonstrations Negative demonstrations

GPIRL result LIRL result



Experimental Results
• Compared methods

• Maximum margin planning (MMP)
• Gaussian process IRL (GPIRL)
• Nonparametric Bayesian feature constructing method (NPBFIRL)
• Apprenticeship Learning (AL)
• Maximum entropy IRL (MaxEntIRL)
• Learning to search (Learch)
• OptV
• Feature construction for IRL (FIRL)
• Bayesian IRL (BIRL)

• Performance measure
• Expected Value Difference 𝑣7∗ − 𝑣7

• Value difference between the optimal policy and the policy induced by 
learned reward function
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Experimental Results

• Objectworld
• 32×32 grid world
• Five actions (up, down, right, left, stay)
• Objects with random colors are randomly deployed

• Colors are selected from 2 distinct colors

• Reward function
• Two specific colors c8 and c9
• 𝑑: 𝑠  is the Euclidean distance from state 𝑠 to the nearest object 

whose outer color is c:

• 𝑟(𝑠) K
1, 	 𝑑8 𝑠 < 3 ∧ 𝑑9 𝑠 < 2
−2, 	 𝑑8 𝑠 < 3 ∧ 𝑑9 𝑠 ≥ 2
0, 	 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Experimental Results

• Objectworld E.V.D result
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Track Driving Learning from Do’s and Don’ts
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Do’s

Don’ts

State: position and heading
Action: linear velocity and angular velocity
Dynamic model: unicycle dynamics


