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Expected Return

as

Expected return: J(0) = 1-E (ZkHzo ak"‘k)
e H, time horizon

o v, =r(xk,ur), reward at state xp and action wug

® Uk = Wg(uk|xk)

—1

ear,=v"andag=(1—-7)"torar=1and axg = H

Trajectory: 7 = (xo.g, Uo-H)
o 7~ Pp(r) = P(7|0)

o (1) = o ar

J(0) = fT Py(T)r(T)dr

e 7 is a set of all trajectories
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Policy Gradient

VoJ(0) = TV@P@(T)’I‘(T)dT
HalogP@ . 1 8P9
:/TPQ(T) (Volog Py(7)r(7)) dr ( W~ T 50
= E (Vg log Py(7)r(7))
Py(7) = P(xo) | | P(@kialan, ur)mo(urlar)
k=0

H
Vlog Py(1) = Vi (108; P(xo) + Zlog P(zky1|Tr, uk) + log mo (uk|Tk)
k=0

H
= Z Vo log mg (uk|zk)
k=0
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Policy Gradient

Vlog Py(T ZVG log mo (uk|zk)
k=0

VoJ(0) =E (Vglog Py(T)r(7))

) ((Z Vo log We(UinBk)) 7“(7))
k=0

VoJ(0) =E (Vglogmg(T)r(r))

Useful fact

/Pg( )V@long(T dT—/ V@Pg )d
T

_VG/PG

VoJ(0) =E (Vglog Py(1) (r(1) — b)) for any b € R
=E (Vglogmy(7) (r(7) — b)),

Hence

where b can be chosen to minimize variance.
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Importance Sampling

Importance sampling with proposal distribution q:

B (/00) = B, (B3 100 ) = 4
B/(/(X)) = [ i)z = [ 1% de
p(z) X x)dxr = p(z) X
[ (B31@) awriz =, (22 )
Hence m @)
o1 plz
A= E ; Q(Cﬂz) f(mz)

e m, the number of samples from ¢(-)

° %, importance weight

© Z=34 Ezg, normalization constant
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Learning using off-policy samples

Using importance sampling, we can approximate the expected return using
the proposal distribution ¢
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Guided Policy Search

Ms

Tzlt

t=1 z:1

o) = EH: (

™(Ti1:t) r(xt, ul) + w, log Zt(9)>

o w, log Z;(0), regularizer to reduce the variance
e With high w,, it makes the policy follow samples more closely

o Vy®(0) is derived in the paper

Iterative LQR (iLQR, a differential dynamic programming (DDP) method
for trajectory optimization): repeat (1) and (2)

(1) Trajectory (nominal): (Z1,u1),(Z2,U2),..., (T, Us)

(2) LQR (optimal policy for a linearized model): g(x;) = us + k¢ + K¢ (2 — ZT4)

Guided trajectory samples: mg(u¢|zs) = N (Ut; g(zx¢), —Qupu )

uut
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Guided Policy Search

Algorithm 1 Guided Policy Search

e S e s T T

17:
18:
19:

Generate DDP solutions 7g,,...,mg,
Sample (y,...,(,, from ¢(¢) = %Zz 7g, (¢)
Initialize 0* < arg maxp >, log 7y« (¢;)
Build initial sample set S from wg,,...,7g, , To+
for iteration k =1 to K do
Choose current sample set S, C S
Optimize 0 < argmaxy ®s, (0)
Append samples from 7y, to S and S
Optionally generate adaptive guiding samples
Estimate the values of mg, and mg+ using Sy
if my, is better than my+ then
Set 0 « O
Decrease w,
else
Increase w,
Optionally, resample from 7y«
end if
end for
Return the best policy 7y~
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Results

test 1:

training terrain: m
L b 3 D LR j

DDP [-8016]

DDP [-7955]

§3128

DDP [-7885]

§33.8o8

DDP [-7654]

Figure 4. Rollouts of GPS, TBDP, and DDP on test ter-
rains, shown as colored trajectories, with mean rewards
in brackets. All DDP rollouts and most TBDP rollouts
fall within a few steps, and all TBDP rollouts fall before
reaching the end, while GPS generalizes successfully.

test 1:

Figure 5. Humanoid running on test terrains, with mean
rewards in brackets (left), along with illustrations of the 3D
humanoid model (right). Our approach again successfully
generalized to the test terrains, while the TBDP policy is
unable to maintain balance.

* TBDP (Trajectory-Based Dynamic Programming)
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TRUST REGION PoLicy OPTIMIZATION
(TRPO)
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Advantage Function

e Stochastic policy function, 7: S x A — [0, 1]

o 77(7T) — Eso,ao,--- (Zz(‘,)io ’th(St))

— ¢(s¢), cost (or negative reward)
— 809 ~ po(sp), initial state distribution
— Qg ~ 7T(at|8t)

— St41 P(St—|—1|3t7at)

e Advantage function:

AW(S, a) — QW(Sa CL) - VW(S)
= By np(st|s,a) (€(5) +7Vr(s") — Vz(s))
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Policy Improvement Bound

e Two policies: 14, Tnew

e Trajectory 7 = sg,aq, s1,0a1, ..., where 7 ~ Tpew, P

E; (Z fytAﬂ'old (8t7 at)) =K, (Z 7t (C(St) + ny’ﬂ'old <St+1) _ VWMd(St)))

(telescopic sum) — WLy <_V7rold (80) + Z ’th(St)>

Hence

N(Tnew) = N(Told) + Ernmpen,P (Z Y Arora (8t at))
t=0
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With the discounted occupancy

0

pr(s) = Z'Ytp(st = 3)

t=0

N(Tnew) = N(Tod) + Z Prinew (5) Z Tnew (S, @) Ay 4 (8, @)

-~

difficult to compute since pr, .., depends on Tpew

Local approximation:

L oa (Toew) 1= 1(Told) + Z Prora () Z Tnew (S, @) Ar, 4 (8, a)

L, matches n upto the first order

L ngo (7T90) — 77(7T90)
® VoLnr,, (70)lo=0, = Ven(mo)|o=o,
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(Kakade & Langford, 2002)

Given
' = arg mﬂ@n L. ()
Tnew(a|8) = (1 — a)maa(als) + an’(als),
we have ey
M(Tnew) < Lo (Tnew) + (1— 7)204 ;
where

€ = max |Ean'(a|s) (Aroia (8; a))|

is the maximum advantage of 7’ relative to moiq.
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e Extension from a mixture (Kakade & Langford, 2002) to a general policy

Main Result

Total variation: Drv(p|lq) = % > i i — il

~ In general, Dy (ul|v) = sup aess [1(A) — v(A)

DEFy(m, 7t) = maxs Dy (7(-,s)||7 (|
Let o = D%{J}X(Wold, 7Tnew)

Then

77(7TneW) < Lggg (ﬂ'nevv) +

maxs Dk, (7(-|s)||7(+]s)), then

77(7TneW) < Liggq (ﬂ'neW) +

For a sequence of policies (mg, 71, 7o, ...) generated by Algorithm 1, we

have n(mg) > n(m1) > neme) > ...
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2e7y max
( —7)2DKE
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(1—7)?

Since Drv(pll)? < Dxu(plla), (where Dy (pllg) = — 3 pi log 2) if Dy (, 7)

042

(7TneW7 7Told)
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Algorithm 1 Approximate policy iteration algorithm guar-
anteeing non-increasing expected cost 7
Initialize 7.
for:=0,1,2,... until convergence do
Compute all advantage values A, (s, a).
Solve the constrained optimization problem

: 26 max
T;41 = argmin {Lm () + (ﬁ) D™ (m;, W)]

T

where € = max max|A (s, a)|
S a

and Ly, (1) =n(m)+ 3 pr(5) S (als) Ar, (5, )

end for
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Practical Algorithm

e Optimization problem:

m@in L9old (9) + CD%EX(eolda 9)

e Trust region constraint

m@in Ly . (0) subject to Di*(6o1q,0) < 6

o DP?*(0o14,0) requires to check all states. Hence, we use an approximation,
the average KL divergence, Dki,

n%in Lg_,,(0) subject to Dy (Ao, 8) < 9,

where Dy (01,02) = Eswp (Dxw(mo, (-]5)[|ma, (+]5)))-
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e Important sampling

. mo(als)
min Esrvpeold ,a~gq <WQ00M (s, a))

subject t0 Esvp, . (DKL(T6,4(-[8)[[mo(+|5))) < 9

e g(als) is a proposal distribution, e.g., mg_,,
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policy optimization algorithms," arXiv preprint arXiv:1707.06347, 2017

PROXIMAL PoLicy OPTIMIZATION (PPO)
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PPO

e TRPO

max Et (—71-0 (at | St) At)
0 q(at|s¢)

subject to K, (Dky, (e, (-]s¢)||ma(:|s¢))) < 6
— &y empirical average over a batch of samples

o Let ry(f) = —~2@ls) . Then TRPO maximizes

Tog1q (at]st)
LEPI(9) = By (ru(6) A, )

— CPI: conservative policy iteration
— Without constraint, the maximization of LCF! can lead to a large
policy update
e PPO

LCUP(9) = &, (min (rt(a)At, clip(r4(8),1 — ,1 + e)At))

— clip makes r; inside of [1 —€,1 + €]
— Ignores changes in probability ratio when it improves the objective

— Include changes when it makes the objective worse
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LCLIP

A<O
J,CLIP A>0
1—-€1
: — r
— r I
0 1 1+¢ LCLI P
Figure 1: Plots showing one term (i.e., a single timestep) of the surrogate function LEX!¥ as a function of

the probability ratio r, for positive advantages (left) and negative advantages (right). The red circle on each
plot shows the starting point for the optimization, i.e., r = 1. Note that LELIP sums many of these terms.
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