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REVIEW OF PROBABILITY THEORY



Random Variables

e Probability space: (€0, F, P)

— : Set of outcomes
— JF: Set of events (o-field)

— P : F — [0,1]: Function which assigns probabilities to events

e Random variable: A function X : 2 — R is a random variable if for every Borel
set B C R, we have

X 'B)={weQ : X(w)eB}eF. (1)

(Q, F, P)

A Al
X*(8) % 4@ L (R, R, 1)
% % B
X(A)
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Gaussian Random Variable

e X is a Gaussian random variable if X is a random variable having the following
probability density function (Gaussian or normal distribution):

@) = o= exp (~ s (e = ") 1)

— Mean: E(X) = [zf(x)dx = p
— Variance: var(X) =E (X — E(X))* = ¢
— Notation: X ~ N (i, o?)

e Central limit theorem: Let X;, X5, ... be independent and identically distributed
with E(X;) = p and var(X;) = 0° < oo. If S, = X; + -+ + X,,, then

Sn—nu 4
ov/n

where X has the standard normal distribution, i.e., X ~ N (0, 1).

Note: It can be generalized such that a sum of a large number of small errors has
approximately a normal distribution (under some technical conditions).

> X,
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Multivariate Gaussian

e A random vector x = [ X7 ... Xn]T is said to be multivariate Gaussian if every
linear combination of the components of X is a Gaussian random variable.

— That is, for any a;, Y., a;X; is a Gaussian random variable.

— We also say X1,...,X, are jointly Gaussian.

e Multivariate GGaussian density function:

10 = et P (3= W= x = ) (1)

x ~ N (u, X)), where p is the mean vector and ¥ is the covariance matrix.

C (X))

n=E(x) = ¥, = cov(x) :E(((X—M)(X_M)T))
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Conditional Density of Multivariate Gaussian

Theorem: If x € R" and y € R™ are jointly Gaussian with n = r +m, mean vector
[E(x)" E(y)"]", and covariance matrix

> >
Y — TxT Ty ] ’
[ ny Eyy

then the conditional probability density function p(x|y) is also a Gaussian random
vector with mean E(x|y) and covariance matrix ¥, , where

E(xly) = E(x)+ 22y (v —E(y))
Saly = Dz — TayXyy Sya-
Proof:
_ pxy)
p(xly) = oY) (1)

<27r>n/§|z|1/2 P <_% [ ;’(:ggg ]Tz_l [ ;‘:%E;? D 2)

sz exp (—1 by —EW)]" =i [y — E)))
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Proof Continued

e ( % E0 17y [ x B D o

p(xly) =
srras—z o (—1 by —EG)” 55 [y — E)))
1 1
= €X ——A , 2
(2m)/2 (12]/ Sy )2 p( 2 ) 2
where
| x—E(x) S x-Ex) | T—1p.

A= 3 e et [ IR |-y -Ee sy -Be).

We now need to compute two terms:
o |X[/|Xyy| = det(X)/det(Xyy)
o A
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Proof Continued (Determinant)

We can easily verify that

[ I =22, ] [ Yoz Loy ] { I 0 ] - [ Yo — LaySyy Syz 0 ]
0 I Syr  Dyy SIS M | 0 Sy
s
Hence,
det(X) = det(Suz — Duy Xy, Dya)det(Zy,) (1)
det(E) 1
= det(Zow — Duy Xy Dy ) 2
det(zyy) € ( Yy—yy =Y ) ( )
So we have
pixly) = 1 exp (~54) (3)
(2m)/2 (|S]/|Syy]) /2 2
1 (~34)
= exp| —=A]). (4)
(27)7/2 (det(Saz — Sy Sy Sya)) 2
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Proof Continued (A)

If XY Z =W and matrices are invertible,
e By inverting both sides, we get Z 'Y X' =W L
e Hence, Y ' =ZW1X.

Since we have (where Syy = Yuz — Yy Xy Sya)

I =2, Yz  xy 1 O | Syw O (1)
0 I Eyw Eyy —Z;;ZW ] 0 Eyy ,

N\ >4

s
oy I 0 Sew 0 I -%,,5)
e N N 2
Now let x' = x —E(x) and y' =y — E(y). Then
A = [ X/ -Tz—1 x’ ITy—1 /T 3
— y/ y/ -y yy Y ( )
X7t I 0[S} o0 I =S, ][ %
Y ] | S 1 0o 0 I y’
ITv—1_ /T
— > 4
Prof. SonghwaiyOh vy Y Robot Learning (9 )



Proof Continued (A)

v= [P Hsl QlHl_m—;HXi]
y 0 Z:yy 0 I y
o y 2yyl o
_ x' — yyy Sy_yl 0 Ewyzyyy /T2—1 T
0 Xy y’ -y

x — S, 2—1 y) S (K = ey S0ty

(
= (x— (B(X) + 0y Zyy (v —E®))) " Syt (x — (E(x) + ZayEyy (v — E(¥))))

where Syy = Y20 — Zay Sy Sya

Hence,
1 1 T —1
p(xly) = Gy P\ 73 (x = E(x|y))” 2y, (x=E(x]y)) ), (1)
ie., x|y ~ M(E(x|y),Xs|y), where
E(xly) = E(x)+ZuyZy, (v —E(y)) (2)
YSely = Dz — TaySyy Sys. (3)
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Matrix Inversion Lemma

All A12
A21 A22

I 0 A1 Ao I —A'A | [ An 0
—An At I Az Az 0 I Tl 0 Ay — AnAj A
If XY Z =W and matrices are invertible, Y ' = ZW ™' X. Hence,

A A 171 1 —AMA T AL 0 I 0
Az1 A 0 I 0 (As2 — As1Aj Ar) ™t —An Ay I

[ A1_11 + Af11A12(A22 — A21A1_11A12)—1A21A1_11 —Af11A12(A22 — A21A1_11A12)—1

Suppose A11 and Ass are invertible and let A = { } . Then

n —(Aag2 — A21A1_11A12)_1A21A1_11 (Ago — A21A1_11A12)_1
We also have
I —ApAg) A Aso I 0] [ Ain—Ai2A3 A 0
0 Il A21 A22 —A2_21A21 1 - 0 A22
An A 170 ] I 0 (A1 — A12A5y) Aor) ™! 0 I —AAy)
Az Ago T AL A T 0 AL 0 I
_ [ (A1 — A12A2—21A21)_1 —(Aq11 — A12A2~21A21)_1A12A2—21
I —A2_21A21(A11 — A12A2_21A21)_1 A2_21 + A2_21A21(A11 — A12A2_21A21)_1A12A2_21
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Matrix Inversion Lemma

Hence, we must have

A Are - _ [ Al_ll -I-A1_11A12(A22 — A21A1_11A12)_1A21A1_11 —A1_11A12(A22 — A21A1_11A12)_1 ]
[ Aor Ago ] N I —(Aa2 — A21A1_11A12)_1A21A1_11 (Ago — A21A1_11A12)_1
B [ (A1 — A12A2_21A21)_1 —(A11 — A12A2—21A21)_1A12A2—21
N I —A§21A21(A11 — A12A2—21A21)_1 Ag—gl + A2—21A21(A11 — A12A2—21A21)_1A12A2—21 |
or
(A11 — A12A2_21A21)_1 = A+ A1_11A12(A22 — A21A1_11A12)_1A21A1_11
(A1 — A12A2—21A21)~1A12A2_21 = A1-11A12(A22 — A21A1~11A12)~1

Al_ll — A1_11A12(A22 + A21A1_11A12)_1A21A1_11
A1_11A12(A22 + A21A1_11A12)_1

(A1 + A12A2_21A21)_1
(A11 + A12A2_21A21)_1A12A2_21

Matrix Inversion Lemma
(A—BC™'D)™" = A '4+A4'B(C-DA'B)"'DA™!
(A-BC 'D)"'BC™' = A'B(C-DA'B)"!
(A+BC'D)' = A '-A'B(C+DA'B)"'DA™!
(A+BC™'D)"'BC™' = A 'B(C+DA'B)"!
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Random Processes

e A random process X(t) is a collection of random variables, one for each ¢,
defined on sample space (2.

X(t;w)

Two interpretations:

e For fixed ¢, X (¢;w) is a function of w, i.e., X(¢,-) : 2 — R. Hence, X (¢,-) is a
random variable.

e For fixed w, X(-;w) : R — R is a sample path function.

The distribution of a random process is specified by a collection of cumulative distri-
bution functions (CDFs). More precisely, for all £k € N and for all ¢4, ...,t;, we need
to specify the joint CDF of X (¢1),..., X (tx).
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Gaussian Processes

e Gaussian process: A random process X (t) is a Gaussian process if for all
k € Nand for all t1, ..., tx, arandom vector formed by X (¢1),..., X (tx) is jointly
Gaussian.

e The joint density is completely specified by

— Mean: m(t) = E(X(t)), where m is known as a mean function.

— Covariance: k(t,s) = cov(X(t),X(s)) = E (X () —m(t))(X(s) —m(s))),

where k is known as a covariance function.
e Notation: X (t) ~ GP(m(t),k(t,s))
e Example: X (t) =tA, where A ~ N (0,1) and t € R.
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Summary (up to now)

Gaussian random variable: X ~ A (u,o?).

Central limit theorem: a sum of a large number of small errors has approxi-
mately a normal distribution.

Multivariate Gaussian random vector: x ~ N (u,X)

1) = e @@ (3 - 0" = ) (1)

Conditional distribution of jointly (Gaussian random vectors:
x|y ~ N(E(x|y), Xz}y), where

E(xly) = E(X)+ ZeySyy (v — E(y)) (2)
Ygly = Mz — nyg:;ylzyx- (3)

Gaussian process: X(t) ~ GP(u(t),k(t, s))

Matrix inversion lemma
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