430.457
Introduction to Intelligent Systems

Prof. Songhwai Oh
ECE, SNU

Prof. Songhwai Oh Introduction to Intelligent Systems



SPMDE S&P 500

1950-01-03 - 2008-04-15
2000

1000

500

200
100

50

20

LINEAR REGRESSION S,

Prof. Songhwai Oh Introduction to Intelligent Systems



Univariate Linear Regression

e Univariate linear function: y = wix + wo, where wg, w; € R.

o Let w = [wo, w1]” and define

hw(z) = wiz + wo.

e Linear regression: Given a training set {(x;,vy;) : 1 < i < N}, find hy that
best fits the training set.

N N N
Loss(hw) = Y La(yj, hw(z;)) = Y (45 — hw(2;))* = D (45 — (wiz; +wo)).
j=1 gl Jj=1
e Our goal is to find w* = arg minw Loss(hw).
o )
"y s 4+ wa))e =0 and —— 9: — (i m: L n) )2 —
%;(yj — (wyx; + wp))* = 0 and - j;(yj (wiz; + wp))* =0
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Example
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Loss(hw) = Y _(y; — (wizj +wo))*.

[w§, wi]t = [246,0.232]
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Gradient Descent

w «— any point in the parameter space
loop until convergence do

for each w; in w do
9

w; — Wi — @ —— Loss(w) o step size or learning rate.
s,
0 0 ;
7V s(w) = ) (y — hw(l‘))z o
Wi i 5 8—Loss(w) = —2(y — hy(x))
Wa
= 2(y — hy(x)) X P (y — hy(z))
w; o
9 a—'Loss(w) = —2(y — hy(x)) X x
= 2y — ha(2) X 5—(y— (wiz +wp)) O
Wi
wo — wo +a(y —hy(z)): w —wi+a(y— hy(z)) X
Batch gradient descent: wy < wy + OZ —hy(z;)): w —w +a Z(yi — hy(z;)) X ;
(Steepest descent) j j

Stochastic gradient descent: processes one data point at a time
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Multivariate Linear Regression

When x; € R™, the hypothesis space for linear regression is spanned by func-
tions of the following form.

hw(X;) = wo + Zw,;a:j,i.

1=1

T n+1
Now, redefine x; = [1,%;.1,%j2,...,Tjn]" € R*'. Then
mn
§ : T
hw<Xj) - WiTj: — W Xj.
1=0

Solution to linear regression:

w" = arg rr‘lAi,n Z La(y;, w' x;).
J

Gradient descent update equation: w; = w; +a ), ;,i(y; — hw(x;)).
Closed form solution: w* = (X*X) 'X'y.
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Closed-Form Solution to Linear Regression

p— X{ -
o Lety =[y1,...,yn]" and X = be the data matrix (or design matrix).
‘4§
L XN
Then
N
Loss(hw) = Y (y; —w' x;)" = (y — Xw)" (y — Xw).
j=1
a%LOSS(hw) = a%(y —Xw)' (y — Xw)
= aiw(yTy —y' ' Xw—w' X"y + w' X" Xw)
= —2X'y+2X"Xw
e Setting it to zero, we have X’ Xw = X'y, which is known as a normal

equation. If X*'X is invertible, we have

w'=(X"X)"'X"y.
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General Linear Model

A hi[n]: nonlinear function of n
y =) wihi(z) hi(z) = 2!
1=1 1
hi(o) = exp ~5iz(o — )

y s HW s and pu; are fixed parameters.
[ ha(wo) ha(zo) ha (o) ] |
hi(x1) ha(x1) har(x1) Wo
H= . : , . W =
| hi(xn-1) he(xn-1) -+ hum(xn-1) | | wm |

W* = (HTH)leTy
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Example: Linear modeling of the SINC function
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Example: Linear modeling of the SINC function
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Regularization

e To avoid overfitting, we may use regularization
Cost(h) = EmpLoss(h) + AComplexity(h),
where we can consider

Complexity(hw) = Lq(W) = Z lw; |4,

e [ regularization if ¢ = 1; Lo regularization if ¢ = 2.

e [, regularization tends to produce a sparse model, i.e., it sets many weights
to zero. A sparse model is less likely to overfit.
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