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Linear Gaussian Model

e Dynamic model
Ti+1 = Azxy + G

e Measurement model
ye = Cxy + vy

e Initial state distribution: z¢o ~ N (uo, X0) (assume o = 0 for now)

e Noises: w; ~ N(0,Q), v+ ~ N (0, R). w, v, and zo are independent.

e Unconditional distribution of x; (i.e., y; are not observed)

E(zy) = 0
var(zi41) = Y1 = E(zep17/,)
= E ((Aa:t + Gwy)(Azy + th)T)
=  AE(ziz! )A"T 4+ GE(w,w] )G
= AT AT + GQG'
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Filtering

e Dynamic update
P(z¢|yo, ... yt) = P(zes1lyo, ..., ye) = /P(fﬂt+1|3«°t)P(fEt|yo, ooy Y )dTy

e Measurement update
P(xtt1lyo, .-, yt) = P(Tes1lyo, - - Yt, Ye+1) o< P(Ye1|Te+1) P(xe+1|yo, - - -, Yt)

® P(xti1,ye+1lY0,...,yt) ~ N(u, ), where

Mo Ea:a: z):By )
= , E =
H ( Moy ) ( iy Uyy
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Conditional PDF of Multivariate Gaussian

Theorem 10.2 (Conditional PDF of Multivariate Gaussian) If x and y are

jointly Gaussian, where x is k x 1 andy is | x 1, with mean vector [E(x)T E(y)T]T and
partitioned covariance matriz

(10.23)

so that

p(x,y) = ! exp —1({X“E(X)DTC‘1([X_E(X)D'
’ (2m)*F det?(C) 2\l y-E@ y — E(y) ’

then the conditional PDF p(y|x) is also Gaussian and

E(ylx) = E(y)+ CyCq;(x — E(x)) (10.24)
C,. = C, -C,C;lC,,. (10.25)

Source: Steven M. Kay, "Fundamentals of Statistical Signal Processing, Volume I: Estimation Theory", Prentice Hall, 1993.
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Filtering

e Dynamic update
P(z¢|yo, ... yt) = P(zes1lyo, ..., ye) = /P(fﬂt+1|3«°t)P(fEt|yo, ooy Y )dTy

e Measurement update
P(zit1lyo, -, yt) = P(@es1lyo, -5 Yt Y1) X P(yes1|@es1) P(@eta]yo, - -, ye)
o P(xty1,Yt+1ly0,-..,yt) ~ N(u,), where
=) =)
o P(zir1lyo, .-, Yt, Yer1) ~ N (faly, Xz|y), Where

Holy = Mo+ SeySyy ™ (v — py)
Sely = Dz — TayDgy Sz
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Dynamic Update

§3t|t = E(.’Et|yo, c. ,yt) Tiy1)t = E($t+1|yo, ce ,yt)
~ ~T _ ~ ~T
Pt|t = E($t|txt|t|y07 e ,yt) :> Pt—|-1|t = & (wt+1|t$t+1|t|y07 ooy yt)
Teje = Tp— Ty Top1)t =  Te41 — Teg1pe
Tip1)e = E(zit1lyo, ..., yt) ri41 = Az + Gy
= E(AZEt —I—th|y0,...,yt)
— Ai’ﬂt
P = E #1043 0
t+1|t = Lt411tLt4+1]t1Y0s - - - » Yt

= [E (Aact + Gws — Aiﬂt)(AiUt + Gwy — Ai’t|t)T|y07 ey Yt

— E (A([L't — itlt) —|— th)(A(:Et - aAjt|t) + th)T‘yO7 e 7yt
— APt|tAT ‘|‘ GQGT
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Measurement Update (1)

Tep1e = E(zi+1]yo, - -, yt) 3A7t+1|t+1 = ]E(a:t+1ly0, ooy Ytt1)

~ ~T il ~ ~T
Py = E ($t+1|twt+1|t|yo, - ,yt) |:> Piyijprr = E@errper1@ig1ye+1l¥0, - -5 Yet1)
Top1|t =  Te41l — Teg1)e Te+1lt+1 = T+l — Te1ft+1

Distribution of y;41 given yo, ..., y::

?Qt+1|t = E(yt+1]yo, - -, yt)
=E(Czi11 +vig1|yo, .- yt) = CTypq)e

E [(yt+1 — ?Qt+1|t)(yt+1 - Qt+1|t)T|yo, e 7yt]

=E [(Cxt41 +vi41 — Cpq1)¢) (Ceg1 + Vi1 — Cf?t+1|t)T|y0, ey Yt

=E [(C(@t11 — Zr41)e) + ve41)(C(@eg1 — Eg1)e) + veg1)” Yo, .- -, Yt
- CPt—|—1|tCT + R

E [(yesr1 — Gegrje) (@1 — Eeg1pe) Yo, - - -
=K [(C’:ct.H + Vi1 — Cif?t+1|t)(33t+1 — Z%t+1|t)|y0a e ayt}
= CPyyaye
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Measurement Update (2)

x++1 and y¢+1 have the conditional joint multivariate Gaussian distribution

P(xt+17yt+1|y07 s >yt) NN(:“’) 2)7

b= ( oyt ) 5 ( Py Pt+1|tCT )
CZipe )’ CPiie CPt+1|tCT + R
¢ P(xt+17yt+1|y07 s ayt) NN(:UH 2)7 where

= , E =
2 ( Hy ) < Dyx  Myy

o P(zt+1|Y0, - Yt ye41) ~ N(ta)y, Saly), where

where

—1
Paly =  Hao + Doy, (Y — py)

P(zet1lyo, .- Yt Yeg1) ~ N(Ziq1je4+1, Pey1je+1), where

£t+1|t+1 — it+1|t + Pt+1|tCT<CPt+1|tCT + R)_l(yt+1 — Ci%t+1|t)
Pitije41 = Pirje — Py1pC (CPi1iCT + R) 'O Py
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Kalman Filter

e Dynamic update

Tep1e = Ay
T T
Pt—l—llt — APt|tA + GQG
e Measurement update
Tip1)i41 = Teg1pe + Kep1(Yer1 — CZpqq)e)
Pt+1|t+1 — Pt+1|t - Kt+lCPt+l|t

e Kalman gain

Kt+1 — Pt+1|tCT(CPt+1|tCT + R)_l

e Dynamic model: z:11 = Ax¢ + Guwy
e Measurement model: y; = Cxy + vy

e Initial state distribution: zo ~ N (o, X0)

e Noises: wy ~ N(0,Q), vi ~ N (0, R). wy, v, and z; are independent.
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Example (1)

A particle moving in a plane under random forces and damping.
e State of the particle: = = [z*, &, 22, #%]7

o (z', 2?): position of the particle; (&', ?): velocity of the particle

o chpr = af 4

o il =0.98%; +w,

e Dynamic model: ;11 = Azt + Guwy

e Measurement model: y; = Cxy + vy

1 1 0 0 0 0
0 098 0 0 1 0 1
A=10 0o 1 1 “=10 o C‘[001 0
0 0 0 098 | 0 1|

Prof. Songhwai Oh Introduction to Intelligent Systems



Example (2)

1(a) Ground truth x,

1{b) Noisy Observations y,
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