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KALMAN FILTERING



Kalman Filtering vs. Hidden Markov Model

e Hidden Markov model: Discrete state space, X; € {1,...,5}.

e Kalman filtering: Continuous state space, X; € R?. Linear-Gauss Model.

Prof. Songhwai Oh Introduction to Intelligent Systems



Kalman Filtering

e Kalman filtering: Continuous state space, X; € R%. Linear-Gauss Model.

— Linear Gaussian transition model: X;1a = X; + X;A + W;, where A is
the time interval between observations and W; ~ N(0, 0?).

P(Xi+a = 2144 | Xt = 24, X = @) = N(epnj e + B, 0'2)

5
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Properties of the Gaussian Distribution

o

If the current distribution P(X; | e;.;) is Gaussian and the transition model P(X;1 | x¢)
is linear Gaussian, then the one-step predicted distribution given by
P(Xt+1 | el:t) — / P(XH—I IXt)P(Xf |e1;t) CIXt (1517)
Xt

1s also a Gaussian distribution.

If the prediction P(X;.1 | e1:¢) 1s Gaussian and the sensor model P(e;.q | X;11) is linear
Gaussian, then, after conditioning on the new evidence, the updated distribution

P(X¢r1|eri1) = aPlerr | Xer1)P(Xer1 | €1:2) (15.18)

1s also a Gaussian distribution.

Forward operator for Kalman filtering: fi.; contains pu; (mean) and 3; (co-
variance matrix).

Initialization: fi.0 = P(Xo) = N (1o, Xo).
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Simple One-Dimensional Example

e Prior distribution: P(Xo) = N (uo, 0(2))

e Transition model: X;11 = X; + Wi, where Wy ~ N (0, 02)

(It+1—rt)2>
P,

o ‘
P(egs1|ze) = e (=

e Sensor model: Z; = Xy + Vi, where V; ~ N (0, 03)

o ¢ (Zt“‘l‘t)2>
P(z ’-’l"t) —ae ° <T
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One Step Prediction

P(x1)

o0 00 __1_((1:1—‘:1:0)2) _l((xo—‘ﬂo):z)
/ P(x1 | zg)P(x9) dzg = / e ’ oz B 70 dxg

. —OO —(x

o0 1 (Gg(wl—ro)2+af,(ro—ﬂo)2)
) pJ
= « / € i dxg .

—00

Completing the square:

2 2
azg +bxo+¢ = a:cg+b:vo+b— + c—b— _ o5 + 02
4a 4a a - Q-
oio2
b b\ b _2(g2 2
B 9 051 + 05 jt0)
— 5,5 o _ - . o41 x MO
a (xo P Too- e 5 (2a> ) . s <c 4a) b = e
b\ > b . o0Ti oL
- a(“’”z) ¥ (C’@) T ool

Hence, P(X1) = N(po, (06 + 0%))-
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Measurement Update

a P(z1 | z1)P(x1)
= « (—%((_Zlig—l)—z) (_%<(_‘"“12102ﬁ)

ocptoz

21)

(08+02)21+03#0)2

R 3+ag+a;
2 (cro—+—0'l.)cr,,/(a'0+crl.+cr.,)
after completing the square:  P(zq1|z1) = ae
2
Hence, P(Xi+1|21:¢41) = N (phe+1,0741), where

B (02 + 02)2p101 + 0211 q 5 (02 + 02)o?

P+l = 2, 2., 2 an Ot+1= "3 35, 3

O;f + 05+ 03 Oy +~ 05 + 03

Notice that p:+1 is a weighted mean between p: and z;41.
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Numerical Example
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Figure 15.10  Stages in the Kalman filter update cycle for a random walk with a prior
given by pg=0.0 and op = 1.0, transition noise given by o, = 2.0, sensor noise given by
0. =1.0, and a first observation z; = 2.5 (marked on the x-axis). Notice how the prediction
P(z,) is flattened out, relative to P(zg). by the transition noise. Notice also that the mean

of the posterior distribution P(x; | z1) is slightly to the left of the observation z; because the
mean is a weighted average of the prediction and the observation.

Prof. Songhwai Oh Introduction to Intelligent Systems




Kalman Filtering

Multivariate Gaussian distribution

I

N (x; p, E) = avexp (—§(X — ) ZT N (x - u))

Prior distribution: P(Xo) = N (o, 20)
Transition model: X;1; = FX; + W}, where W; ~ N (0, X))

P(x¢41]xt) = N(xe41; Fxe, Bo)
Sensor model: Z; = HX; + V¢, where V; ~ N (0,X,)

P(z¢|x¢) = N(z¢; Hxy, 3,)
Update equations:

Pe1 = Frg + Kipr(zeq — HFpy)
Y1 = I-KH)(FEFT + X))

Kiyi=FZ,F' +X,)H (HFZ,F' +X,)H' +X.)~! Kalman Gain
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Numerical Example

2D filtering 2D smoothing
12r 12r
—8— frue —a— e
i observed . observed
ik ——- smoothed -—— smoothed
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