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PROBABILITY
Chapter 12. Quantifying Uncertainty
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“Very” Simple Example

Trial: Flip two identical fair coins sequentially
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• Possible outcomes:
– {HH, HT, TH, TT}

• What is the probability that the two  
coins face the same direction?
– This event is {HH,TT}
– P({HH,TT}) = ? 

• What if the set of outcomes is not 
discrete? Can we generalize the concept? 



Probability Space

A probability space is a triple (W, F, P)
•  W is a set of outcomes
• F is a set of events
• P: F ® [0,1] is a function that assigns probabilities 

to events

Note:  F  is a ¾-field, i.e., collection of subsets of W 
such that

– If A 2 F then Ac 2 F
– If Ai 2 F is a countable sequence of sets then [i Ai 2 F
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Random Variables (r.v.)

• X: W ® R is a random variable if for every 
measurable set B ½ R,

X-1(B) = {! : X(!) 2 B} 2 F .
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Probability Axioms

1. Nonnegativity
 P(A) ¸ 0    8 A 2 F
2. Normalization
 P(W) = 1
3. Additivity
 A1, A2, … disjoint events  Ai 2 F
 P( [i Ai ) = åi P(Ai)
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Conditional Probability
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Conditional probability

Multiplication rule
  P(A Å B) = P(A) P(B|A)

Bayes rule

Example
A: blue on first draw   P(A)=
B: blue on second draw  P(B|A)=
P(A,B) = ?    P(A,B)=

Urn



Independence
Events A and B are independent if P(B|A) = P(B), 
i.e., P(A Å B) = P(A) P(B). 

Example
Roll 2 dice

A = 1st die is 4
B1 = 2nd die is 2
B2 = sum of 2 dice is 9
B3 = sum of 2 dice is 7

Q1: Are A and B1 independent?
Q2: Are A and B2 independent?
Q3: Are A and B3 independent?
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Some Discrete Random Variables
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Density, Distribution
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Density function (f)

Distribution function (F)



Joint Distribution, Marginal Distribution
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Expected Value
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Poisson Distribution



Some Facts about Expectation
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Moment-Generating Function
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Important property of MGF: it determines the distribution of the r.v.



Laws of Large Numbers
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Markov Chains

• An important tool in probability

• Markov property
• Classification of states
• Limit behavior, convergence, stationary distribution
• Applications: Hidden Markov model, Markov random 

field, Markov chain Monte Carlo, …
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