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SAMPLING
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Sampling
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Inverse transform sampling

Suppose we want to sample from p(y) with CDF F.

Start with U ∼ Uniform(0, 1) and the target CDF F.

A uniform probability level selects a quantile of the target.

For a CDF with jumps, use its generalized inverse.
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Why the inverse transform works

Probability mass is preserved

We have u = F(y) and pᵤ(u) = 1. Also du/dy = dF/dy = p(y).
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Example: exponential sampling
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Inverse CDF for λ = 2
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Gaussian sampling by scaling and shifting

An affine transformation sets the mean and variance

E[X] = μ

Var(X) = σ²

Example: μ = 3, σ = 2, Z = −0.5 gives X = 2.
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Multivariate Gaussian sampling

Draw independent standard normals: Z ∼ N(0, I).

Cholesky decomposition of the covariance matrix:

Example: correlated components

X₁ = Z₁     X₂ = 0.6Z₁ + 0.8Z₂

Both variances are 1, and Cov(X₁, X₂) = 0.6.
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Rejection sampling

Prof. Songhwai Oh Estimation Theory 9



Rejection sampling
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Rejection sampling
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Importance sampling: change of measure

The last expectation uses X ∼ q.

Required support: q(x) > 0 wherever p(x) > 0.
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The importance sampling estimator

Draw x₁, …, xₙ ∼ q. Define an importance weight for each draw.

Weights correct each proposal draw’s contribution
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Unknown normalization constants
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Self-normalized importance sampling

The normalized weights sum to 1.

Consistent under suitable conditions, but generally biased at finite N.
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Sampling–importance–resampling (SIR)

1. Sample x₁, …, xₙ from q.

2. Compute and normalize their importance weights.

3. Draw an index I with P(I = i) = wᵢ, then return xᵢ.

Repeat step 3 with replacement to obtain M resampled particles.

Resampling converts weighted particles into equally weighted draws.
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Why SIR approaches the target

The CDF of one resampled particle, conditional on the pool, is

As the proposal count N grows

More resamples from a fixed pool do not remove the pool’s error.
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