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SAMPLING



Sampling

e An approximation method when a direct computation is not possible.

e Goals

(1) Estimate probabilities: likelihood, posterior

(2) Estimate expectations

E(9(X)) =) g(z)p(z)
e Note: (1) is a special case of (2), i.e., g(z) = §(z,ZE)
e Sampling

— Collect x1,x2,...,xL ~ p(x)
— Solve (2) by

E(9(X)) ~ 7 3 gla)
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Inverse transform sampling

Suppose we want to sample from p(y) with CDF F.

Start with U ~ Uniform(0, 1) and the target CDF F.

Y = F1(U)

A uniform probability level selects a quantile of the target.

For a CDF with jumps, use its generalized inverse.
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Why the inverse transform works
Probability mass is preserved
py (y) |dy| = pu (u) |du]

du

dy

py (¥) = pu(u)

We have u = F(y) and p.(u) = 1. Also du/dy = dF/dy = p(y).

Prof. Songhwai Oh Estimation Theory



Example: exponential sampling

p(Q) — )\Q_Ay, Yy > 0 Inverse CDF forA =2
2.5
Fly)=1—e .
1 1 U ;1.5
y - nid-U) o
A\ 8 1.0
0.5
A=2,U=0.8
0.0
Y =0.805 0O 02 04 06 08 1

Uniform draw u
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Gaussian sampling by scaling and shifting
7 ~ N(0,1)

X=p+0Z~N(uo?)

An affine transformation sets the mean and variance

E[X] = p
Var(X) = o?

Example: u=3,0=2,Z=-0.5gives X = 2.
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Multivariate Gaussian sampling

Draw independent standard normals: Z ~ N(O, I).

Cholesky decomposition of the covariance matrix:

> =LL"

X =p+LZ~Nu,X)

Example: correlated components

X1 = Z; X5 =0.6Z;+ 0.8Z2>
Both variances are 1, and Cov(X;, X;) = 0.6.
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Rejection sampling
e Goal: generate samples from p(z), where
1
p(z) = Z_pp(z)'

— p(z) can be evaluated.

— Zp is unknown.

Example: computation of the MMSE estimate E(6|x)
- If we can take samples from P(6|x), E(f|x) can be estimated using the sample
mean.
- But, in general, we cannot take samples from P(f|x) since its normalization
constant is unknown (i.e., difficult to compute).
- However,
P(x|0)P(0) _  P(x[0)P(6)
P@O) [ P(x|0)P(¢)do’

- Here, we can treat p(z) = P(0|x), p(0) = P(x|0)P(0), and Z, = [ P(x|0")P(6")d6".

P(8]x) =

e Suppose we can sample from ¢(z) such that kq(z) > p(z) for all z.
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Rejection sampling

Algorithm:
e Sample zo from ¢(z).
e Sample ug from Unif(0, kq(20)).

e Reject up if uo > p(20), otherwise accept uo (only accepted samples are used for
estimation).
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Rejection sampling

e Acceptance probability:

P(accept) = / ]f;(zz))q(z)dz = %/ﬁ(z)dz

e Accepted samples

| ) a(2) P ((z )) q(2)
_ P(accept | Z =2)q(z)  kq(z
P(z | accept) = P(accept) B Zp/k

e A tighter valid envelope yields fewer rejected proposals.
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Importance sampling: change of measure

E,lg(X)] = / 9(z) p(x) da

= [ @) E atw)a
B p(X) 1 ZP(%) -
~ [g(X) CI(X)] N = (i) e

The last expectation uses X ~ q.

Required support: g(x) > 0 wherever p(x) > O.
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The importance sampling estimator

Draw Xy, ..., X» ~ ¢. Define an importance weight for each draw.

o p(x;)
. q(xi)
| N
His = N ;Tig(ﬂ%)

Weights correct each proposal draw’s contribution
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Unknown normalization constants

_ Ple) _ 4(=) ~\ _ Pz
p(x) = Z) q(x) = Z—q r(z) = %
B/ = [ 1@ a@)ds = 72 [ 1@ 5B a@ye ~ 572 S 7w s

q(z)
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Self-normalized importance sampling
P
N N.

ijl s

N

- T;

HIS = Zz_l 19 E :wz mz
ZH

w,; —

The normalized weights sum to 1.

Consistent under suitable conditions, but generally biased at finite N.
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Sampling—importance—-resampling (SIR)

1. Sample x4, ..., X, from q.

2. Compute and normalize their importance weights.

p(i)/q(x;)

3. Draw an index | with P(l = i) = w;, then return x;.

Repeat step 3 with replacement to obtain M resampled particles.

Resampling converts weighted particles into equally weighted draws.
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Why SIR approaches the target

The CDF of one resampled particle, conditional on the pool, is

N
= sz 1H{x; <a}
i=1

_ Zi\; ri {z; < a}
27];\;1 T

As the proposal count N grows

i Bma@dzs [0 px)de e B
Fn(a) = fgg %q(x)dx = Th@dr /_Oop(a:)da:—Fp(a)

More resamples from a fixed pool do not remove the pool’s error.
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