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Linear Bayesian Estimators



Linear MMSE (LMMSE) or Linear Least Square Error (LLSE) Estimation

* Optimal Bayesian estimators are often too difficult to determine in closed form.
* They are too computationally intensive.
* Restrict estimators to be linear -> Linear MMSE estimator

N-1
LMMSE estimator is a linear estimator 8 = Z a,z[n| +an
n=0

which minimizes the Bayesian MSE Bmse(é) == B [(9 -6)%|

Clearly, the LMMSE estimator is suboptimal unless the MMSE estimator is linear.
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Example: LMMSE is not always feasible

z[0] ~ N(0,07) Parameter: § = z?[0]. Estimate 6 using z[0].

Perfect Estimator: 6 = 22[0] (Bayesian MSE is zero).

e Let us consider a linear estimator: 6 = agz[0] + a1
e LMMSE estimator can be founded by minimizing

Bmse(é) = E {(0 o é)Q}
= E[(0 — aoz[0] — al)Q}

0 Braelf) =0 = E[(0— agal0] — ar)a[0]] = 0 = ag(a *“”E}/ 7/
0
0 R
S Buse(f) =0 = E[(6— ao(0] ~ a1)] = 0 = aoBA0)) + o =
1
ao = 0 . A 2
0 = E(6) =E@20) = o —> LMMSE Estimator: 0 = o

B (é) e No good!
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LMMSEEstlmator | e —
N-1 |

‘Bmse(d) = [(9 4) ] 6= anz[n]+an
‘ n=0
) 2 N-1 N-1
Ban [(0 nz_% anz[n] — azv) } = —2E {9 - Z:O anz(n] —aw] an = E(8) — go anE(z[n))

J

Bmse(@ { [E an(z[n] — E(z[n])) — (6 — E(9))

Bmse ()

E{ [a (x— E(x)) - (0 - E(8)]’} \

E[a'(x — E(x))(x — E(x))"a] — E [a"(x - E(x))(8 — E(6))]
— E[(6 — E(6))(x — E(x))7a] + E [(6 - E(6))’]

= aTCma - aTC;,:g — Coa+ Cygg

I

- OBmse(6)
| Oa

= 2C,.a—2C, | a= C;}Cxe

LMMSE Estimator:
§= E(Q) + Cfixc;a:l (x - E(X))

= aTx-f-aN
= C3Coox+ E(f) - C5,C  E(x)
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LMMSE Estimator

Bmse(§) = a’C..a—a’ Cgp— Coa+ Cy a=C,}C.

Bmse(§) = CL,C;}C,.C;}C.o — CLyCyyCus
- COxC;xleO + CGG
Cs:Co1Cop — 2C4,C; Cro + Cos

~

Bmse () = Cs — Cg.C1,Cyo ; Minimum Bayes MSE

f = E(9) + CoC2 x — E(x))
Bmse(§) = Cyp — Co:C7; Cao

LMMSE Estimator:

cf. MMSE estimator for a multivariate Gaussian r.v.

When E(6) = 0 and E(x) = 0, 4

—1
Co.C,. Xx.
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Example
z[n] = A4wln], n=0,1,...,N—1, where A ~U[—Ao, Ao],w[n] ~ N(0,c°)

MMSE estimator cannot be obtained in closed form.

LMMSE estimator:

E(x)=0 C.. = Exx") Co, = E(AXT)
0'31 — E(Az) = F [(Al + W)(Al + W)T] — E [A(Al + W)T]
= E(Az)llT + 0'21 — E(A2)1T
/i = ngC"lx A-lyuTA-]
Tz - _ uu‘ A
UilT(O'iIIT + 0'2]‘-)"lx (A+wu®)™ = A7~ 1+uTA-lu
42
. o’ = = 2
A=—2 55 = 2—7% 0% = E(A?) = (24,)*/12 = A%/3
0% + % g 4 22
AT N 3 ' N

 We don’t care about the distribution of A.

* We only need to know its mean and variance to compute the LMMSE estimator.

* |t is required that A and w are uncorrelated (as opposed to the independence
assumption).

e But the LMMSE estimator is suboptimal.

* MMSE estimator: A = E(4F) /Ao L1 [_21

/ Ap(Alx)d

A 1 1 .
e ~—(A-7%)?
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Geometrical Interpretations

» Vector space of random variables (assume mean zero vectors).

* Inner product between X and Y is E(XY).
 Random variables X and Y are orthogonal if E(XY) = O (i.e., uncorrelated).

n=0 n=0

N-1 N-—1 2
LMMSE estimator 6= 3" a.z[n] minimizes  E[#-6)*] = E [(0— > anm[n]) ]
2

= “9 - i 0,z (n)

n=0
Orthogonality principle (a.k.a. projection theorem):
e 0 is in the subspace S spanned by {z[0], z[1],...,z[N — 1]}.
e Error vector € = 6 — 0 is minimized if € is orthogonal to the sub-
space S.
e c 1l S

e ¢ | z[0],z[1],..., [N — 1]
e E[(0—0)z[n]]=0forn=0,1,..., N —1
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Geometrical Interpretations
Orthogonality: E[(§ — )z[n]] =0 for n =0,1,...,N —1

E <9—Z_amx[m]>x[n]]— n=0,1,...,N—1

-1

ZamE E(0z[n)]) n=0,1,...,N—1
E(z?[0 E(z[0])z[1]) .. E@Oz[N=1)) 1T @ ] [ E(6z[0])
E(z([ll-gﬂ[]g]) E(-[rzlllll)] ... E(z[1]z{N —1]) a | _| E@{1)
E(z[N — 1jz[0)) E(z[N — 1]z{1]) E(a:z[N -1]) || 01\;-1 ] i E(Gm[N —-1]) |
Ceza = Cyp é = aTx
a= C;;ng = CIGC X = ngC'lx

Bmse(d) = E (9 - i anz[n]) (9 = i ammlm])]

m=0

= E (0 - Z an:c[n]) 1 - F Ka - Z anm[n]) Z amm[m]] | Bmse(é) -—-—7 Coo — a ng :

n=0 n=0 m=0

-1 N-l | = Gy ~CL,C;1Cyp
- }: an E(z[r)) — Z amE || 0= ~z|n] | x[m] | = Cpe —Cp,C-lC.,
n=0 m=0 n=0 xx Mz

Orthogonality principle
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Vector LMMSE Estimator

N-1
b;=> amz[n]+an fori=1,2....,p minimizes the Bayes MSE for each i.
n=0
E@®;)+Cs.Cor(x~-E(x)) i=12...,p
Bmse(é) ng —ngc C 221,2,.;0
[ E(61) | [ CezCri(x— E(x)) | M, = E[6-6)0-T
E(6,) CgﬂC;zl(x — E(x)) 0 [( ) ) ]
0 = : + = Cgp — Co.C;,Cas
- E(,) o | Co,eCzlx — E(X) Bmse(;) = [Mj),,
(01) C()lm
E(6 Conn
= (. ) " oolx - E(x))
L E@,) | | Co,e

= E(9) + Cp,C_; (x — E(x))
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Properties of the LMMSE Estimator

1. Commutes over linear (affine) transformations

a=A0+b —> G=A0+D
2. LMMSE estimator of a sum of unknown parameters is the sum of the individual
estimators

a=91+02 _— d=él+ég

6, = E(6)+CoC; (x — E(x))
02 = E(92)+C02xC;;(x—E(x)).

3. LMMSE estimator = MMSE estimator for linear Gaussian models, for which the MMSE
estimator is linear in data



Theorem 12.1 (Bayesian Gauss-Markov Theorem) If the data are described by
the Bayesian linear model form

x=H0+w (12.25)

where x is an N x 1 data vector, H is a known N X p observation matriz, @ is a p x 1
random vector of parameters whose realization is to be estimated and has mean E(0)
and covariance matriz Cge, and w is an N x 1 random vector with zero mean and
covariance matriz C,, and is uncorrelated with 0 (the joint PDF p(w,0) is otherwise
arbitrary), then the LMMSE estimator of 0 is

@ = E(0)+ CeHT (HCyHT +C,) ! (x — HE(8) (12.26)
E(0) + (C;1 + HTC;'H)'H'C;' (x — HE(9)). (12.27)

The performance of the estimator is measured by the error € = 0 — 0 whose mean 1is
zero and whose covariance matrix s

C. = E,s(eeh)
= Cgyp — ngHT(HCf)gHT + Cw)'—lHng (12.28)
= (C;; +H'C;'H)™". (12.29)
The error covariance matriz is also the minimum MSE matrix My whose diagonal
elements yield the minimum Bayesian MSE
[Mé]n‘ = [C;
= Bmse(é;). (12.30)
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