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General Bayesian Estimators



Bayes Risk

R=E[C(e) | e=0-6

Various Cost Function
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R = E[C(e)]
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Bayes Risk

Quadratic error: C(e)=e?

MMSE estimator: § = E(8)x)

Absolute error: C(e)=|e|

96) = [16-dip(eix)do

4 A oo . 9 )
= [ oo(9 — 8)p(0)x) db + /9 (0 — 0)p(6]x) db. / _ p(8|x) df = /0 p(0x)do

g is the median of the posterior PDF

Hit-or-miss error:

mm=/ﬁ3mwﬂw+[

— 0 8+

o

A 8+6
96)=1- [ p(6lx)d0
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1-p(6|x)dé .

p(O]x) For sufficiently small §, § = argmax p(0|x),
i.e., the mode of the posterior PDF. This is
known as the mazimum a posteriori (MAP)
estimator.
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Bayes Risk Cle)
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(a) General posterior PDF
Quadratic error Absolute error Hit-or-miss error
Posterior’s Mean Median Mode

p(flx)

1 1
Gaussian: p(f|x) = ———=—=cexp {— 6 — pgz)?
v/ 2mog, 2002!1( o)

i

Mean = median = mode

(b) Gaussian posterior PDF
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Bayesian Linear Model

E(6]x) = pug + CoHT (HCoHT + C,)~!(x — Hp,) = py + (C;' + HTCZ'H) ™ HTCJ' (x — Hps,)

Copx = Cs — CoHT(HC,HT + C,)~'HC, = (C;' +HTC;'H)™

Matrix inversion lemma: (A1 +1A12A2_121A21)_1 = Aﬁi — A7 Ar2 (A2 + :421Af11A12)_1A21A1_11
(A1 + A12ASs A1) A12Ass = Al Ai12(Azz + A21 A7y Ar2) ™
z = [xT 97]T E(x) = E(MHO+w)=HE(9)=Hy,
( H“w] Ely) = E8)=u,
z =
0 Co. = E[(x—E( E(x))7] C.. = E[(y-E(y)x—Ex)T]
_ [H IH"J = [(H0+w Hl-‘a)(H9+W Hys, )] = E[(6— uo)(H( - py) +w)7]
LT 0] w = E[(H(8 — ) + w)(H(6 — ptg) + w)7] = E[(6 - py)(HO — p,))7]
= HE [(6 ~ puy)(0 — pg)") HT + E(wwT) = CyHT.
= HCsHT + C,

In the absence of prior knowledge,
6 = E(6]x) = py + (C5* + HTC;'H) "HTC;' (x — Hys,)

C,'! >0 6 —» (HTC_,'H)"'H'C_ 'x  (MVU estimator)
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Maximum A Posteriori (MAP) Estimators

j — p(x|8)p(8)
0 = argmax p(6]x) plop) = P20

gy
|

arg max p(0]x)

= arg mgLXP(XW)P(@) e Easy to compute (cf. MMSE)

* Not necessarily the best for all cases
= argmax[log p(x|6) + log p(6)]

Example: Exponential PDF

plelnll9) = { gEPCOTD =0 = g G20

N-1
For N i.i.d. data points, 2(x18) = [] p(z[n]|6)
9(6) = Inp(x}f) + Inp(F)

N-1
In [ON exp (—9 Z x[n])] + In [A exp(—A9)] MAP b = 1 "
n=0 estimator: T+ 5

= NInf—NOzZ+InA - )8
AsN—)ooA,HA—>1/§:.
— L = — - NZ—-A As A — 0,0 -1/ (MLE).
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Scalar MAP Estimator vs. Vector MAP Estimator

Scalar MAP estimator: @, = argmaxp(6;|x) i=1,2,.
0;

-~

Vector MAP estimator: 6 = arg mg.xp(ﬂlx)

62 p(62]x)
.l (1/(/3/ 1/6 -§~
- 1/3 3
i 2 3 LI1 75 o i 2 :]; ; sls %
(a) Posterior PDF p(6, 62|x) (b) Posterior PDF p(6:|x)
MAP estimator: 2 < él < 3,0< ég <1 MAP estimator: 1 < éz <2

Not the same !!!
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Invariance Properties of the MLE

Recall

Theorem 7.2 (Invariance Property of the MLE) The MLE of the parameter a =

g(0), where the PDF p(x;0) is parameterized by 8, is given by

~A

&= g(0)

where @ is the MLE of 8. The MLE of 0 is obtained by mazimizing p(x;0). If g is
not a one-to-one function, then & mazimizes the modified likelihood function pr(x;a),

defined as

pr(x;a) = max x;0).
prixja) = max p(x;0)

zn]=A+wn|, n=0,1,...,N—1, where w[n]~ N(0,07)
When a = exp(A), find the MLE of «.

1 1 N |
p(x; A) = (2ro?)% exp 207 'g(a:[n] - A)z] —00 < A< o0
| N-l
pr(x;a) = (2n00) ¥ exp | =53 n=0(m[n] - lna)z] a>0
N-1 1 A A
...... ) (z[n] ~In &)= =0 & = exp(Z) & = exp(A) = exp(6)
n=0
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Invariance Property Does Not Hold for the MAP Estimator

Example: Exponential PDF

fexp(—0zin]) zn] >0 [ Aexp(=A8) 8>0
p(z[n]|d) = { 0 (~ézlel) x{n} <0 p(B)—{ 0 §<0
e MAP s 1
For N iid data pts, p(x) = [] p(z[n]|0) , b= —s
n=0 estimator: T+ %
: .1 . A
Suppose we want to estimate o = 1/6. Q= 5 a=7+ N ?77?
L exp (_M) z[n] >0 (6(a)) Aexp(—A/a)
p(z[n]la) =4 o o pala) = %_ - 7 a>0
0 b 0 a<0
Zn} <0 7]
gla) = Inp(x|a)+Inp(a)
N N-1
A -
= In (l) exp -lz:n[n] + In expl 2)\/(1) dg N+2 Nz+A
@ an:() o P + 2
do Q o
T A
= —Nlha—-N—+InA-—-2lna
N MAP o NE+)
= —(N+2)lna- = +In A. estimator: N +2
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Performance Description

e p(0]6), different PDF of the estimator for each realization of 6.
e Good estimator: close to @ for every possible value of 0, i.e., e = 0 — 6 is small.

e Good estimator 0: p(]0) should be concentrated about 6 for all possible 6.
e Such estimator is the MMSE estimator 6 = E(6|x), which minimizes E, ¢((0 — 6)?).

e =0 — E(0]x)

E. o(€) E. [0 — E(0|x)] var(e) = E; o(€?)
E, [Ep|z(6) — Eo)z(6]x)] = B0 [(0-6)

= E;[E(9x) - E(0|x)] =0

X Bayesian MSE
if € is Gaussian, we have that ¢ ~ A/ (0, Bmse(6))

DC level in WGN — Gaussian prior

1
2
- 0'2 = € NN O —
A= 4 _F4 —2N ' N L1

A% At 2
Bmse(A) = 1 Consistent in the Bayesian sense, i.e., for

- N 1 . .
o2 T 5T large data the estimator will always be close

to the realization of the parameter.
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