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Conditional PDF of Multivariate Gaussian

Theorem 10.2 (Conditional PDF of Multivariate Gaussian) If x and y are

jointly Gaussian, where x is kX 1 andy is | x 1, with mean vector [E(x)T E(y)T]T and
partitioned covariance matrix

[ Car Coy 1 [hxk kxl
C‘lcyx cyy}—{zxk zsz (10.23)

so that

e ) K )
T (2m)*F det? (C) 2\| y- E@) y-E(y) )|

then the conditional PDF p(y|x) is also Gaussian and

E(ylx) = E(y)+CyCpp(x — E(x)) (10.24)
C,. = C, -C,C;lC,,. (10.25)
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Conditional PDF of Multivariate Gaussian: Bivariate Case
Bivariate Gaussian r.v. [x,y]"

Y|x ~ N(E(Y|X)7 Cylw)
var(z) cov(z,y) J

— ) -1 —_ =
E(ylx) = E(y)+ CyC,;(x — E(x)) C=1 cov(y,z) var(y)
Cylx = ny_nyC;::lCW‘

Bale) = EG)+ 22 - pa))
_ cov?(z,y)
var(ylz) = var(y) — var(z)
. . cov(z,y)
Correlation coefficient: p = Jar(z)vary)
Yy
7 — E(y) _ cov(z,y) z— E(x) (ylzo)
Vvar(y)  \/var(z)var(y) /var(z) o
~ — y ] px
Yrn = PTn ¥ = E(y|za) = pzo
arlyle) = var(y) [1- 20D
iz = veryrt = var(ﬂ:)var(y)]

= var(y)(1 - p%)
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Conditional PDF of Multivariate Gaussian: Derivation

_ pxy)
e () < (Gmm )
- exp | ——
(27) % det?(C) 2\| y—-E(y) y — E(y)
- 1 B 1 T -1 ]
—-(x—E C_ (x— E(x
Tt io o [0~ Bw)TCzx - Ale)
|: I 0 ] |: A1 Ao ] [ I —A1_11A12 :| . [ A1 0
—An A I Azr Azo 0 I N 0 Az — A2 A Asa
det ([ 2“ i” D = det(A},) det(A,2 — AnALMA)) \ Schur complement
21 fhez (of Awrt A;,)
B det(C) —1
det(C) = det(Cm) det(ny - CWCN}CW) det(er) = det(Ciyy - nycxa; C:cy)
1 1
ply|x) = 7 EXp (-——Q)
W)= amFaeti(C,, - €,,0:1C.,) T\ 2

x — E(x)

s my |~ E)TCR - B

x — F(x) ’
= C
¢ [ y — E(y) ]
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Conditional PDF of Multivariate Gaussian: Derivation

1 0 All A12-
—Ag AT T Az1 Ao |

Cx:r: Cx —_pI
Cz[cyx Cy} Cl‘“_o 1

vy

|

x — E(x) ]TC_I [ x — E(x)

I —Af'An | _ [ An 0
0  Ax— Axj A Aso

0 I

—C;a,!cxy C;; 0
0 B!

I 0
_nyc-;a:l 1

]—( E(x))" Cz; (x — E(x))

XYZ=W
Yi=ZWwW1tX

y — E(y) y — E(y)
- - T -~ N o
X1 [1 -CjlC,, | [C o I 01| * *=x-Ex)
S D O S P o It
~%TCo% |
B [ X ’ c! o X <T—1=
- Li-g, CJ i B”Hi—cyzcz-;i]_x o
= ( —-C,.C[x)"B~'(§ — C,.C %)
= [y - (E@) )+ CpuCo(x - E(x)))]"
[ny Cer C} [“(E()+nyC;zl(x_E(x)))]
E(ylx) = E(y)+C,.C.}(x— E(x))
XNNE X 7C x Y
=) |vlx ~ NEG, ) FEY Z (D e cic
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Matrix Inversion Lemma

Suppose A1; and Ass are invertible and let A = {

I

I 0
—An A T

All
A21

A1z
A22

K

I —AppAL)
0 I

A1z

All
A22

A

K

I

(A1 — A12A§21A21)—1
i —A2_21A21(A11 — A12A2—21A21)_1

XYZ=W
] Y1=Z WX

I 0
—An A T
—Af11A12(A22 - A21A1_11A12)_1

(Ago — A21A1_11A12)_1

A Aie
Axr Aozo
A Ao I —A1_11A12 _ A 0
Ao1 Ao 0 I 0  Ags — A A Aso
[ I A A ALt 0
i 0 I 0 (A22 — A21A1_11A12)_1
[ AL+ A Are(Age — Ao AT Are) T A AT
—(A22 — A21A1_11A12)_1A21A1_11
A Az 1 0 _ A — A12AS Asy 0
Aor Aao —Ay Ao T 0 Aozo
I 0 (A11 — A12A2_21A21)_1 0 I
| Ay Axn I 0 AL 0

|

_A12A2_21
I

—(A11 — A12A2_21A21 )—11412142_21

Ag_gl + A2_21A21(A11 — A12A2_21A21)_1A12A2_21

(A1 — A12A2_21 A21)_1

(A1 — A12A2_21 A21)_1A12A2_21

(A1 + A12A2_21 1421)—1

(A1 + Al Asy A21)_1A12A2_21

Al_ll + A1_11A12(A22 — A21A1_11A12)_1A21A_11
AT Ar2(Agz — Aai AT Ar) 7!

Al—ll — A1—11A12(A22 + A21A1_11A12)_1A21A1—11
A1_11A12(A22 + A21A1_11A12)_1

Prof. Songhwai Oh

Estimation Theory

|

|



Matrix Inversion Lemma

(A—-BC™'D)™" = A '4+A'B(C-DA'B)"'DA™!
(A—BC'D)"'BC™' = A 'B(C-DA'B)"!
(A+BC™'D)™" = A '—A'B(C+DA'B)"'DA™!

(A+ BC™'D)"'BC™' = A 'B(C+DA'B)"!
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