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Least Squares



Least Squares Estimator

Model
? Noise ‘“a‘l"““‘“ie”‘ | Least square error criterion:
l l N-1
. | J(0) = 3_(aln] - s[n))®
iiggz} ___ﬂ___,, Perturbation —————  z[n] n=t
(a) Data model | 0Ls = arg min J(6)
9 | o . .
No probabilistic assumptions
Error = €[n]
Example:
sin)j = A
[} | N-1
(b) Least squares error J(A) = Z ((L‘[TL] — A)Z
n=0
1 V=l
| A = N Z z[n]
1. Linear least squares _n=
= T

2. Nonlinear least squares

Prof. Songhwai Oh Estimation Theory



Linear Least Squares

s[n] = 0h[n] where h[n] is a known sequence.

w > afnlhin
J(6) = ) _(z[n] — 6h[n])? b=
n=0 Z hz[n]
Jmin = J(6) = Z_ (z[n] — 6h[n])(z[n] — Oh[n])
S
= Z z[n](z[n] — 6h[n]) —

-6 Z h[n](z[n] — Bh[n])

= Z_ z?[n]

—9 2 z[n]h[n].

N-1

(Zx[n]h[n])
mln - Z 32['"'] 2=

N-1

" > h¥fn

n=0
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Linear Least Squares: a Vector Case
s=HO, 6HcRP HecRY*P

\; (z[n] - sfn])? _3;; 09> = -2HTx + 2HTHO

= (x—H®)T(x—HI)
x'x —xTHO —0"TH ' x + 6"THTHO
x'x —2x"HO + 6"H"HO 9 = (HTH)""Hx

H”HO = H”x  Normal equation

Join = J(6)
= (x-HOT(x — HY)
= (x— HHTH)"'Hx)" (x - HH"H) 'HTx)

= x' (I- HHTH)'HT) (I- H(H"H)"'HT) x
Weighted least = x (- HEH7H)x
eighted least squares = 4Ty o7 Tary—1eaT
= xx-x HH H)"'H'x
J(@) = (x — HO)" W(x — HP) = x7(x - HY).

6 = (HTWH) 'H” Wx
B idempotent matrix,
Jmin =X° (W — WHH"WH) 'H"W) x e A2= A

Prof. Songhwai Oh Estimation Theory 5



Geometric Interpretation

s=HO, HcR’ HecR"*P J(8) = (x — HO)T (x — HO)
9,
0 J@) = |x-Ho|?
s=[h1 h, h, ] : (6) I p”
6 | = le_zeihil|2
1=1
14

; linear combination of signal vectors

I
]

o

g

Subspace spanned
by {hhh2} = §°2

(a) Signal subspace (b) Orthogonal projection to deter-
mine signal estimate



Geometric Interpretation

. /<~ Subspace spanned

by {h:, bz} = §? €l S?
(x—38) L 8%
(a) Signal subspace (b) Orthogonal projection to deter-
mine signal estimate
(x—§) L h (x-8"h = 0
(x—38) L h (x—8Th, = 0
T —
§ = 6,hy + O,h, (x=6iby —6:hz) by =0
(x - 91111 - 02h2) hz = 0
CHOTh,  —
(x Ho)Thl 0 (x _ HB)T [ hl h2 ] — oT € =X — He
(I - HG) h2 = 0

T T
(X—HO)TH=0T/ e H=0

- Orthogonality
T\ -1gT
6 =(HH)""H'x Principle
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Geometric Interpretation

s=HO = HHTH) 'H x

P=H(HTH)"'HT (Orthogonal) projection matrix
1. PT = P, symmetric

2. P? = P, idempotent.

PL=I—P Projection matrix onto the subspace complement to P

Jnin = J(

= (x-H6)"(x - HO)
(x - H(H"H)"'Hx)" (x -~ HHTH)"'H x)

= x' (I- HH"H)"'HT) (I - H(H"H)"'HT) x
x' (I-HHTH)"'HT) x.

= xT'(I-P)x

XTPJ‘X

XTPJ'TPJ'X

= [[Px|”

lell®.
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Sequential Least Squares
z[n]=A+wn|, n=0,1,...,N—1, where w[n]~ N(0,07)

N-1 N
LSE: A[N-1]= % > z[n] A[N] = N;-I-l Zm[n]
" 1 n_ON—l
= N_-I-]. (Z z[n] +ZE[N])
C ti - X AI\; 1 L v
orrelc ion = ya7AlN - |+ V)
: \
AIN) = AN - 1] + - — (a:[N] ~ AN - 1]) Imin[N] = Jmin[N — 1] + NII -(z[N] - AN —1))?

zn]=A4+wn], n=0,1,...,N—1, where w[n] ~ N(0,02)

Estimator Update:

A[N] = A[N - 1] + K[N](z[N] - A[N - 1)) (8.40)
where A
_ var(A[N -1])
KINY = var(A[N — 1)) + o2, (8.41)
Variance Update: ) )
var(A[N]) = (1 — K[N])var(A[N - 1)). (8.42)
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Sequential Least Squares for Vector Parameters

J=(x-HOTC'(x-HO) C: covariance matrix of the zero mean noise
Cn| = diag(af}",a?, e 30721) Assumption: C is diagonal.
" Hin — 1] nXp
. h'[n] 1xp
: T
xn] = [z[0] z[1] ... z[n]]

Estimator Update:

Bln) = O[n — 1] + K[r] (z[n] — b7 [n]d]n - 1]) (8.46)
where
K[n] = ¥[n — 1]h[n] (8.47)
a2 + hT'[n|Z[n — 1]h[n] '
Covariance Update:
B[n] = (I - K[n]h'[n]) Z[n — 1]. (8.48)
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Sequential Least Squares for Vector Parameters

Bln) = Bln — 1] + K|n] (2[n] — b7 [n]f[n - 1])

o2, hfn], Tn — 1]

6[n]

+
zln] _@—- K(n]

h7 [n]
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Least Mean Squares (LMS)

T . .
Yn = 0" Tpn + Wy e Assume z, is a unit vector.
zn = 0% x,,, projection of 6 onto x,.
error = (Yn — 2n).

Idea: Update 6 to minimize the error. Move along
xp-direction with a small amount, e.g., (yn — 2n).

O+ — 0 1 (g — 2V = 0D 4 (yn — 9<t>Twn)$n

® 2, =

T
lzn | lzn |l

e unit vector along x,, is ”i—“

n

o« 00D =)y (tn —pyogan = 9O L (g, — 0O )z,

o LMS: 00D =9 4 4(y, — G(t)T:cn)a:n, for some small .
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Least Mean Squares (LMS)

Multiple data points
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Steepest Descent and Stochastic Gradient Algorithms

Yn = eTwn + wn,
e Cost function: J(0) = %ij:l(yn —07z,)>.

o VoJ =30 (yn — 0% xn)zn.

n=1

e Steepest descent:

oD = g _ iy,

N
= 041> (g — 0 )z,
n=1

e Stochastic gradient (=LMS):

9D — 9 4y (y — Q(t)Ta:n)xn
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Convergence Analysis

N - T =
L1
e(t-l-l) — e(t) £ [ nE l(yn . H(t)T )an X _
T

x
= -i-y,Z:rnyn—p,Z Tnzl)g® - N

n=1
= 4 )+,LLXTy—,LLXTX9()
= (I —pXTX)® + Xy,

i+l — (I —uXTX)8W + 1 XTy
= (T pXTX) [~ pXT X080 1+ uXTy] + X Ty
t

= (I —pX"X)"H00 +p )y (I - pXTX)' X"y
1=0

Assume that lim; 0o (I — X7 X)* = 0. Then

0> = p> (I-pX"X) X"y

i=0 i ool = X X0 ) == 0if
= IL(ILXTX)IXT\ ) |
= (XTXx)"'XxTy, 0 < Amax(pX"X) <2
Neumann series 0 < i < 2/dmax (X" X).
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Constrained Least Squares

Least square cost function: J(8) = (x — H8)” (x — HO) Constraint: A@ =b

Using a Lagrangian multiplier:
Jo = (x —HO)T(x — HO) + AT (A0 — D)
Jo=xTx~20TH x + 6THTHO + A\TA0 — X"b

0J.

— _ou? T AT
58 2H" x + 2H" HO +

1

6, = (HTH)‘IHTx—E(HTH)“AT)\

= 6- (HTH)“IAT% 0 = (HTH)‘IHTx
3 T -1 TA A Tyrn-1a771"1 i
Af.=A0-AH'H)"'A ~2—=b 5=[A(H H) A] (A6 — D)

0. =6 — (H'H)'AT [A(HTH)'AT] "' (A0 —b)
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Nonlinear Least Squares

J = (x—s(0))" (x—s(8)) ; sis not linearin 6

1. Transformation of parameters

o Let a = g(0) such that g~ ' exists.

e Find g such that s(6(a)) = s(¢g” ' (a)) = Ha.

e Then .55 = g~ (Grsk) where drsg = (HFH) 'H” z.
2. Separability of parameters

e Separable signal model: s = H(«a)B, where 8 = [o, f]*. Linear in 8 but
nonlinear in «.

e Minimizing J(a, 8) = (z—H (a)B8)T (z—H(a)3), we get 8 = (HT (a)H(a)) ' HT (o).

e Resulting least square error is
J(a, B) = 27 (I - H(a)(HT(a)H(a))-lﬂT(a)) z.
e Now we maximize the following with respect to a.
v H(o)(H" () H()) ' H' (a)x
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Nonlinear Least Squares

= (x—s(8))" (x —s(8)) ; s is not linear in 6

Necessary conditions for optimality:

?—{ = —2 Z (z[i] - s[i])

1=0

as[z]

for3=1,2,...,p.

> (el - ot [ 2

1=0

] =0 1=12,...,p
13

0s(8)T

(x —5(8)) = 0

Newton-Raphson method:
S(@n)

LTI T Fi(,)
n

Newton-Raphson iteration:

Or+1 = 6y — (?g%)—l g(0)

where  8(0) = 20 _5(0))

8=6,
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Nonlinear Least Squares

J=(x-s(8))" (x—s(8)) ; S is not linear in 0

Newton-Raphson method
- using the necessary condition of optimality

N-1 - ;
0.0y = ek+(a’“(ok)n(ek)—ch(oo(x[nl—[s(ﬂk)ln)) [Hw”w:[aféf)] -,
n=0 Y ’

- HT(0,)(x — s(64)) 0%s[n]
[Gn(o)]ij - 06,00,

Gauss-Newton method
- using the linearization of the signal model

Ort1 = 0k + (HT(ok)H(Bk))—l HT(ok) (x — s(6k))
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