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Maximum Likelihood Estimation



A procedure for finding the MVVU estimator:

Cramer-Rao lower bound

Use Neyman-Fisher factorization
theorem to find sufficient
statistic

l T(x)

Determine if 7T'(x) is complete
See (5.8)

Y

Find function of T(x) that
is unbiased

Recall
§ = g(x) is the MVU estimator if
2nplxi0) _ y(o)(gx) - )

p(x;0) = g(T'(x),0)h(x).

/ v(T)p(T;0)dT = 0, for all 0

— OO

is satisfied only by the zero function,
i.e.,, v(T) =0 for all T.

l 1. Evaluate § = E(0|T), where 6 is any unbiased estimator.

2. Find a function g so that § = g(T’) is an unbiased estimator of 6.

8 = g(T(x)) = MVU estimator
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A Motivating Example: Modified DC Level in WGN

z[n] = A+w[n], n=0,1,...,N—1, where w[n]~N(0,A) and A >0

Ay L _L LA
PO A) = g exp | —5 O (el - 4
Olnp(x; A) N 1 1 = 5 -
= —— 4= Y (z[n] - A)+ ;3 ) (z[n] — 4) No efficient
0A 24 A L it estimator exists
= I(A)A- A)
Neyman-Fisher factorization
- - - - - N-1
P 1/1 X , N T(x) =S 2°[n]
| p(x; A) = ) exp [-—2—’(-‘@ ; z°[n] + NA)] exp(NZ) n;)
N-1 h(x
g (Z fvz[n],A) *
000 M= s
| N=1 | Eyeﬁn worse...
E [Z z* [n]] = NE[z°[n]| N-1 |
n=0 { E | z[0] a:z[n])
= N [var(z[n]) + E*(z[n])] | ( ,-.;
= N(A+ A% |
Cannot find g(T) such that E(g(T)) = A. Can’t find the MVU estimator
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Maximum Likelihood Estimator (MLE)

* A parameter which maximizes the likelihood of the data.

Modified DC Level in WGN Example

z[n] = A+wn], n=0,1,...,N—1, where w[n] ~N(0,A) and A >0

1 1 =
p(x; A) = AR é(x[n] -
BIHP(X?A)__ﬁ+iE(x[] A) + — NZ_I(:I:[n]—A)2
0A 24 A& 242

. a 1
setting it to zero gives: A2+ 4 — — z?[n] =
g g +A- =3 2]

MLE: A=

.::-l»—

e n S
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Maximum Likelihood Estimator (MLE)

z[n] = A+w[n], n=0,1,...,N—1, where w[n]~N(0,A) and A >0
. A=

MLE Iy lNZ wfn] +
3T\ NV &
Estimator is biased But as N — oo, (LLN)
E(A) = E -—l-i—JiN—l:rz{n]-i—l |
w AR PP A B =
1 1 &: 1 | A
# =5t E N-T;:c[n] +7 forallA A= A
= _% 4 \/A+A2 +7i A good estimator for large N.

Prof. Songhwai Oh Estimation Theory 6



Asymptotic Properties of the MLE

Theorem 7.1 (Asymptotic Properties of the MLE) If the PDF p(x;60) of the
data x satisfies some “regularity” conditions, then the MLE of the unknown parameter
0 is asymptotically distributed (for large data records) according to

0% N6, 171(0)) (7.11)

where I1(0) is the Fisher information evaluated at the true value of the unknown param-
eter.

Regularity conditions:
* log-likelihood function is differentiable
* Fisher information is nonzero.

MLE is asymptotically efficient.

1.25 = 2.50—

0.94—+ Theoretical asymptotic PDF
: |
: | Histogram
0.62 1.25+4
'\ |
1
0.31 0.62
0.00+ : 0.00 : [ , .
~1.00 0.00 1.00 2.00 3.00 0.00 0.50 1.00 1.50 2.00
(a) N=5 Notice the scale !!! (b) N =20
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Proof Sketch (Asymptotic Properties of the MLE)

1 ;| N-1
ﬁlnp(x;a) = Nln Ilp(:c[n];t?)

1 N-—1
= — 2_ Inp(z[n];8)
P>
6o = true value

| N-l
N ZO In p(z[n}; ) — flnp(x["];9)17(1'["']590)‘13:[”] Law of large numbers (LLN)

Kullback-Leibler (KL) divergence:

]ln [ig{:}:zﬂ p(z[n);6,)dz[n] >0

—> f In [p(z[n]; )] p(z[n]; 6,) dzn] > / In [p(z[n]; 2)] p(z[n]; 6,) dz[n]
/ In p(z[n); 8)p(z[n]; 6p) dz[n] maximized when 0 = 6,

Hence, as N — oo, the MLE is 6 = 0,
(i.e., asymptotically unbiased or consistent).
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Proof Sketch (Asymptotic Properties of the MLE)

Take the Taylor expansion about 0 = 0p. By the mean value theorem,
_ dlnp(x;6) 9% In p(x; 0)

lnp(x;0)

= 6 — o)
96 0=6 o6 66, 062 i ( o) 6, <0<8
 dlp(x6)|  Flpx6)| . .
0= + 6 — o)
| a9 6=6, 09* 6=0 ( J
1 Alnp(xf cLT |
P . N(O,i(6)
\/I_V(G-HHO):: p 6=90_‘ e
| _l 0% In p(x; 6) “ LLN | 5?2 lnp(a:[n]ﬁ) | '
N 00? 0<i | > — E ’ - =1(6,)
| 692 6=0q |

UN (G- 80) & N(0,i(6))

% N (80,17 (60))
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Invariance Properties of the MLE

Theorem 7.2 (Invariance Property of the MLE) The MLE of the parameter a =
g(0), where the PDF p(x;0) is parameterized by 8, is given by
&= g(0)

where @ is the MLE of 8. The MLE of 0 is obtained by mazimizing p(x;0). If g is

not a one-to-one function, then & mazimizes the modified likelihood function pr(x;a),
defined as

pr(x: o max x; 0
pr(x;a) = {oa_g(a)}p( )-

zn]=A+wn|, n=0,1,...,N—1, where w[n]~ N(0,07)
When a = exp(A), find the MLE of «.

X |
oid) = g ew | gn Sl - A7 —encA<oo
1 1 =
pr(x;a) = (2n00) ¥ exp .—? n=0(m[n] — lna)z] a>0
N-1
...... Y (eln-lma); =0 a=exp(®) &= exp(A) = exp(§)

* Check out the book for the case when g is not a one-to-one function.
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Linear model: x = Hf + w, where w ~ N (0, C)

_— --;—(x — HO)"C™(x - HO)|

e 8) =
p(x;f) (27) % det?(C)
J(6) _ (x—HO)TC'(x—HO) e MLE 0 minimizes J(0).
e MLE is the global minimum of J(6).
Appendix 3C.5
d1np(x; ) 1 (1,2 8CO)  3u(O)T
1 ~5tr (C@ %52 ) + 20, o) x - wio))
1 aC~1(9)
I ——(x — p@)) /" x
u(6)=Heé 2(3‘ ©(6)) 36, (x ~ u(0))

dlnp(x;8) _ O(HA)T
08 06

C!(x - HE)

HTC'(x-H6) =0

0= (HTC'H)'H'C 'x
For linear models, the MLE is an efficient estimator and the MVU estimator.

The MLE is optimal for linear models.
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