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Best Linear Unbiased Estimator (BLUE)

e The BLUE is an unbiased linear estimator with the minimum variance.

Linear estimator (linear in the data): 6 = Zi::ol anx[n).

All unbiased
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Linear
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Nonlinear
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(a) DC ievel in WGN; BLUE is opti-

mal N—1
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» § =%=MVU=BLUE

All unbiased
estimators

Linear
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* §=z = BLUE

Nonlinear
estimators
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e §= max x(n]

(b) Mean of uniform noise; BLUE is

suboptimal
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BLUE: a scalar case

0 = ianx[n] a— [ao,al,-.-,aN—l]T
N -1 2
Unbiased: E(6) = Z a, E(z[n]) =40 var(d) = E [(aTx —a’E(x)) ]
" = E[@(x-Ex)’
= E[a"(x— E(x)(x— E(x))"a]
z[n| = 0s[n] + w(n] = a'Ca

Y auBlaln)) = 6 \
wln] = aln] — E(aln])
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E(z[n]) = slnlo

|

0

BLUE: argmin (Var(é) = aTCa) subject to a's = 1.
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BLUE: a scalar case

BLUE: argmin (var(é) = aTC’a) subject to a’'s = 1.

J=aTCa+ MaTs—1)

aJ A

a =2Ca+ As (setto0)=> a=—§C‘ls als = —Zs
C-ls A
dopt = TC-1g 2
var() = a7, Caop
sTC1CC!s
- (sTC-1s)?
_ 1
— sTC-lg

BLUE: 6 =al ,x
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BLUE: a scalar case example

2n] = A +wln),

BLUE: A

A~

var(A)

ox >
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where w[n] ~ N(0,02)
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BLUE: a vector case

8 = Ax ) cRP, A c RPXV,

Unbiased: E(8) = AE(x) =06

E(x) =Ho H ¢ RY*P
- s[0] ]
s[1] " al ]
E(x) = - 4 al
. A= ) H = [ hl hz
SIN-1) :
- ) al
;i"— L “p

AH=1 =

Appendix 6B
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a?hj=6¢j i=1,2,...,p;j=1,2,...,p

BLUE: 8 = (HTC'H)"'HTC 'x
C; = (H'C'H)™
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Theorem 6.1 (Gauss-Markov Theorem) If the data are of the general linear model

form
x=HO+w (6.18)

where H is a known N x p matriz, 0 is a p x 1 vector of parameters to be estimated, and
w is a N X 1 noise vector with zero mean and covariance C (the PDF of w is otherwise
arbitrary), then the BLUE of 0 is

6 = (H'C'H)'H'C 'x (6.19)

and the minimum variance of 0; is

var(;) = [(HTCT'H)™']... (6.20)
In addition, the covariance matriz of 6 is
C;,=MH'C'H)™. (6.21)
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Source Localization Example

Source (x5, ys)

Nominal position (Zn,yn) #-==---4--"
y
R
Antenna —.x'
®

| In — % COS «;
.1 ? ¢ . . Rn" z

N -1 —
In 7% _ sing

Rn.

ti=Tg+R.’/C+€,‘ i=0,1,...,N—1

~ In — T4 Yn — Y
Ri=f(@ — o+ —w)  RemBut Zp—bz+ S0y,

R, x,- Iié Yn — Y; ; 1st order Taylor expansion

t; =To+ + T, + ———0y, +¢
°T e R,.c + R,.c Ys ¥ &
R,  cosaq sin o
t, =Ty + — - dz, + “0y, + €5
0S Q; sin Q; -
co8 éz, + Oy, + €; Ti=ti"§—‘

T,'=TU+
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Source Localization Example

COS O; 5z + sin ;
8

=Ty + dys + €  Unknowns: (Tp, 0z, dys)

C

Time difference of arrival (TDOA):

51 = T1—To : :
£, = T T & = E(cos a; — Cos ;1 )0z, + -c~(sin a; —sina;_1)0ys + €; — €}
-1 1 0 O 01 [ e ]
_ = Tn_1— TN-— ’- 1]
En—1 N-1— TN-2 o -1 1 o 0 i,
W= . . .
T 0 0 ... 0 -11 _
9 = [6z, by, ] L - JLen-1
. . ; A
COS (] — COS Qi Sin &} — SIN Qo } ¢
- 1 COS Xy — COS () sin a; — sin Q) C = E[AeeTAT] — o2AAT
c : :
| cosan-) — COsaN-_2 sinay-] —Slnay_z |
I €1 — €o ]
€2 — €] )
L A— : . BLUE: 8 = (HTC—IH)—IHTC_lf
' _ T -1 -1q7 Ty—1
| EN-1 T EN-2 | - [H (AA ) H] H (AA ) €
2 (T Ty—1gg1 !}
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