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Sufficient Statistics

Is there a set of data that is sufficient for the estimation problem?

. N-1
z[n] = A+wn], where w(n] "~ N(0,0°) MVU estimator: A= I—if Y z[n]
n=0

S = {z[0],z[1],...,z[N - 1]}
S, = {z[0]+=[1],z[2],z[3],...,z[N — 1]}

Sa = {Z-: :r:[n]} .

n=0

All sufficient. We are looking for the minimal sufficient statistic.

T'(x) is a sufficient statistic if p(x|T'(x);6) does not depend on 6.

N-1

p(x=xo Ez[npnm) p(xzxo Zm[n]:Tg;A)
n=0 n=0
There is more information
in X which is not captured 7
by T'(x).
;0 A A

() Observations provide information after (b) No information from observations after
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T(x) = 3. N" " 2[n] is a sufficient statistic. | z[n] = A + w[n], where w[n] =" N (0, 0?)

Need to check if p(x|T(x); A) does not depend on A.

p(x, T(x) = To; 4) _ p(x; AS(T(x) — T)
(T(x) TO,A) p(T(x)-—To, A)
1 " 1 Nl

¥ exp [—5— Q) (z[n] -
(27[.0.3) L 20’2 n=0

- & ;2)%, - _5{1;5 (i 2*[n] — 24T (x) +NA2)] 5(T(x)-Tp)
(271-012)” exp -—1—, (Z- z°[n] - 24T, + NAz)J §(T(x) — Tp).

T(x) ~ (NANa)fffff,*****,*

p(x|T(x) = To; A) =

I(T(x) —Tp)

A)?

p(x A)S(T(x) - Ty) =

n=0

271 X 1 2
N 1 2 ]} o [T )
| 1
0 |57

N-1 2
_ _VE {_ L xz[n]J exp[2§ 2]5(1"( )~ T)

n=0

5(T(x) — To)

(T - N4

* Does not depend on A.
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Nevman-Fisher Factorization

Theorem: T'(x) is a sufficient statistic for @ if and only if p(x;6) can
be factored as follows

p(x;0) = g(T(x),0)h(x),

where g is a function depending on x only through 7'(x) and h is a
function of only x.

Example: DC level in WGN  z[n| = A+ w[n|, where w[n| RS N(0,0%)

1 Mol .
P A) = g e [—2—; CORE ]
2-: (z[n] — A)* = i z[n] — 24 i z[n) + NA?
p(x; A) = (27;2)%,_ exp [—2% ( — 24 Z% x[n])] exp [—5—01-5 2 1-2[1;]] :
9(T(x), 4) h(x)

o T(x)= Zg_ol x[n] is a sufficient statistic for A.
T (x) =2 Zn 5 ' z[n] is also a sufficient statistic for A.

rrc@ Sufficient statistics are unique only to within one-to-one transformations. 5



Proof of the Neyman-Fisher Factorization

If p(x;0) = g(T'(x),0)h(x), then T(x) is a sufficient statistic.

Tt — gy L PET®) =T6)
_ Pp(x;6)6(T(x) — To)
p(T(x) =Ty 0)

o 9(T(x) = To, 0)h(x)8(T(x) — To)
p(x|T(x) = To; 8) = S =T )

PTG =Toi6) = [ plxi8)8(T(x) — ) dx
~ ] 9(T(x) = To, 0)h(x)8(T (x) — To) dx
~ g(T(x) = To,0) f h(x)8(T (x) — To) dx.

h(x)8(T (x) — To)
(T (x) =T0:6) = T35 (x) — o) dx

Not a function of #. Hence, T'(x) is a sufficient statistic.
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Proof of the Neyman-Fisher Factorization

If T'(x) is a sufficient statistic, then p(x;60) = g(T'(x), 0)h(x).

p(x, T(x) = Toi 6) = p(xIT(x) = To; O)p(T(x) = To;)
o p(x|T(x) = To;0) = p(x|T'(x) = To) since T'(x) is a sufficient statistic.
o Let p(x|T(x) = To) = w(x)d(T(x) —Tp), where [w(x)d(T(x) —To)dx = 1.

(x
p(x, T(x) = To; 8) = p(x; 6)8(T(x) — To)

plx; S(T(3) = To) = w(x)3 (T(x) To)p(T(x) = To; )

_ h(X)
W) = TR (T (x) = Ty dx.

(T (x) —To
P8I0~ T) = Tyog a7 a7 = Toid)

Let |

p(x;0) = g(T(x) = To; 0)h(x), where ¢(T(x)=T,;0) = p(T(x) = To; 6)
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Sufficient Statistics

We can show that 7T'(x) is a sufficient statistics for 6 by checking
one of the following conditions:

1. p(x|T'(x);0) does not depend on 6.
2. p(x;0) = g(T(x),0)h(x) (Neyman-Fisher factorization).
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Finding the MVVU estimator using sufficient statistics

1. Find any unbiased estimator of , say 6 = z[0], and determine § = E(8|T),
where 7' is a sufficient statistic for . The expectation is taken with respect

to p(f|T); or

2. Find some function g so that § = ¢(T') is an unbiased estimator of 6.

Approach 1

Example: DC level in WGN  z[n| = A+ w[n], where w|n| RSN N(0,0%)
Let A = z[0]. With T = Y_"" z[n], determine A = E(A|T) = E(z[0]| 30—, z[n]).

Fact: For a multivariate Gaussian r.v. [z y]’, its mean is u = [E(z) E(y)]* and

var(zx) cov(z,y) " Then

its covariance matrix is C =
cov(y,z)  var(y)

cov(z,y)
var(y)

E(z|y) = E(z) + (v —E(y)).
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Approach 1

HE

Let z = z[0] and y = >~ ' 2[n].
) T 2[0]
N-—l[O] {100 ... 0 z(1]
Y z[n] _k[l 11 ... 1]1 :
=0 L | z[N=1] |

e With g(z) = z/N, A—Nzn ~, z[n] is an un-

“ A 02 N-1 N :
A = E(:z:|y)=A+N - (Zx[n]-—NA)
| 4 n=() |
‘ N-1 “
=~ RZ_O:U[?I] (MVU estimator)
Approach 2
N-1
A=g (Z x [n]) biased estimate of A.
n=0

e A is the MVU estimator.

Approach 2 is simpler.
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Theorem 5.2 (Rao-Blackwell-Lehmann-Scheffe) If 8 is an unbiased estimator of
@ and T(x) is a sufficient statistic for 6, then 8 = E(6|T(x)) is

1. a valid estimator for 8 (not dependent on 8)
2. unbiased

3. of lesser or equal variance than that of 8, for all 6.

Additionally, if the sufficient statistic is complete, then @ is the MVU estimator.

T(x) is complete, if there is only one function of T" that is an unbiased estimator.

§ = B@ITR)= / Bp(8IT (x)) db

= 9(T(x)). Class of unbiased
/ estimators (all §)
) Variance
Not possible Effect of
since variance conditional
has increased expectation

operation

6 = MVU estimator
Prof. Songhwai Oh Estimation Theory 11




Rao-Blackwell-Lehmann-Scheffe Theorem

(1) g

E(|T(x))

f@ )p(x|T(x); 8) dx p(x|T'(x); 0) does not depend on 6.

Hence, 6 is not dependent on 6.
2 p@) = f ] 6(x)p(x|T(x); 6) dxp(T(x); 0) dT
[ [ PIT();6)p(T(x);6) dT dx
- / 8(x)p(x; 6) dx

= E(8). E(6) =E(f) =6

Completeness of a sufficient statistic

Definition: A sufficient statistic 1" is complete if the condition

/ v(T)p(T;0)dT = 0, for all 6

— o0

is satisfied only by the zero function, i.e., v(7T") = 0 for all T
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Complete sufficient statistic: An example
o "1 z[n] is complete (3! function g for which E(g(3-""" z[n])) = A).
A.

e Suppose there is another function h such that E(h(3 0" z[n]))
E(g(T) — h(T)) = A — A = 0 for all A.
e Since T ~ N(NA,No*), (o(T) = g(T) = W(T), 7 = T/N (1) = v(NT))

I

‘\ o0 " 1 : ]
/ U(T)m ‘2N02(T—NA)}dT 0 forall A

| ’ - N R T —
/;oov(r)—-————-—mexp —-2-(;,5(14—7')2] dr=20 for allA

Convolution of v’(7) with a Gaussian pulse w(7).

This expression is true for all A if and only if v'(7)=0 for all 7.

[ V(T)w(Az — T)dT #0

Gaussian pulse, w(A; — 7)

Gaussian pulse, w(Ag — 7)

Choose v/(7) to make
v (r)w(Ar —T)dT =0
T i T
\J‘A \_/‘21

1 A2

Prof. Songhwai O (a) Integral equals zero (b) Integral does not equal zero 13



Incomplete sufficient statistic: An example

o z[0] = A+ w[0], where w[0] = U[—3, 3].

ouin
e T = z[0] is a sufficient statistic. x[0] is an unbiased estimator of A.

e Consider two unbiased estimators g(z[0]) = x[0] and h(x[0]), and let v(T") = g(T") — h(T).

e If T is a complete sufficient statistic,

/oo v(T)p(x;A)dx =0  forall 4 / v(T)p(T; A)dT =0 for all A
A+ 1 1 A+1L
2 _ . 1 A-5<T<A+3 ‘ =
//; " v(T)dT =0  forall A p(T; A) = { 0 otherwise 2 /A i v(T)dT =0  forall A
o(T) =sin27T  9(T) =T and h(T) =T — sin2nT A = z[0] - sin 27z[0]

Unbiased but

2(T; Ay) v(T) = sin 27T

/ o(T) :]inzﬂ’ ;(T;Aﬂ | not complete
/N X/ /N\ |/

| 1 1 1 /
I m “

j o(T)p(T; A1) dT = 0 f o(T)p(T; Az) dT = 0

(a) Integral equals zero (b) Integral equals zero | 14



A procedure for finding the MVVU estimator:

Use Neyman-Fisher factorization

theorem to find sufficient p(x;0) = g(T(x),0)h(x).
statistic
l T(x)
Determine if T'(x) is complete / >
T)p(T;0)dT = for all 0

See (5.8) - v(T)p(T'; 0) 0, or a
is satisfied only by the zero function,
i.e., v(T) =0 for all T.

Find function of T(x) that
is unbiased

l 1. Evaluate § = E(0|T), where 6 is any unbiased estimator.

2. Find a function g so that = g(T") is an unbiased estimator of 6.

8 = g(T(x)) = MVU estimator
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Vector parameter case

= A+ wn],

Sufficient statistics:

where w[n] "~ NV(0, 0?)

Unknowns: A and 02; 6 = [A, 0?]"

T\ (x) Zm[n]
T = p |~ | v
’ Zﬁ[ﬂJ
NA NA
E(T(x)) = [ NE'(:c [n]) ] N(cr2 +A2)47 biased
-—Tl(X) - .
g(T(x)) = | Unbiased
=1 [12(%) = N(§Th(x )) Il E(Ty) = N(o” + A?)
i z | E(z") = A®+0"/N_
_ . 1(() NEQ( ))2 .
- [zmz[n]..w] o
- n=0 o

MVU estimator:

>
[
=

o* o

_ 0 — 0

1:)] 20 > 1(0) = ]Z 2"
N -1 N




