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Linear Models



Linear model: x = Hf + w, where w ~ N (0, 0°1)

(white noise)

Example
zlnj]= A+ Bnt+wln] =n=0,1,... N-1

x = [z[0]z(1]...z[N —1]]T } (1) ;
w = [w0]w(l]...w[N-1]]F H=| w ~ N(0,071)
6 = [AB]" 1 N1
§ = g(x) is the MVU estimator if alng(;; 9) =1(0)(g(x) — 9)
Blnp(x;()) _ 0 . 2N . __}_ _ T _He]
Hxl) o o { In(270?)¥ — — (x ~ HO)" (x — HO)
1 0O T T TyT
= —— — 6+6"H HO|.
20260[1:( 2x" HO + ]
- ?‘.l.i[nTx _ HTHO)
_WH pre)-HTx 6] (if HTH is invertible)
=—
MVU estimator: 8 = (HTH)'HTx 6 ~N@0,0’(H'H)™)
H'H
10) = — C,=1"(0)=c*(HTH)™’
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Example: Fourier Analysis for Periodic Signals

M M
. 2wkn . 27kn
m[n]-kzzlakcos( N )+k§=lbksm( N )-{-w[n] n=0,1,..., N-—-1

x = HO +w

0: [alaz...aMb] b2~-~bM]T

—

1 1 0 0 .
H= cos (%) cos (257) sin (%) sin (254 )
| cos [ﬂ%ﬂ)] «e. COS [2_’”‘1}(#'_').] sin [2*‘(%—12] ) Sin [2xA}N(N+12] -

H = [h hy...hyy]

N-1 i
2min
5 cos
. N
Orthogonality (DFT): ';V=°l
n=0
Nz_lcos 2mwin
n=0 N
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COSs

sin

(27rjn _
N =

2mwin

0 foralls,j.



Example: Fourier Analysis for Periodic Signals

o omkn) & 2mkn
m[n]zkglakcos( N )+k2=lbksm( N )-{-w[n] n=0,1,... N—-1

W7
L I LI hoa | hh; =0  fori#j
| how
" hTh, hTh, ... hihyy ] X0 0
hih; hlh; ... hihyy 0 X 0 N
= . . . . = 2 =—I
| hl,h; bl h; ... hlhoy | L 0 0 N |

MVU estimator: § = (HTH)'HTx

2 2 h'f
= —_HT = —_— .
= NH x N P b ¢
h2M
ZhTx 27k
B N } iy = — Zm[n]cos( l n)
- p n=0
21wT
Shoyx B Z als (21rkn)
— T In
¢ N n=0
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Linear model: x = HA + w, where w ~ N (0, C) (colored noise)

C ' =DTD ; covariance matrix is positive definite

D: whitening transformation
E[(Dw)(Dw)")] = DCD”
= DD'DTTDT =1
xX = Dx
DHO + Dw
= HO+w w = Dw ~ N(0,])

S )
I

_ (H’TH’)_IH'TX’ Céz(H;Tnf)—l
= (H'D"DH)'H'D”Dx

MVU estimator:

6 =HTC'H)'H'C 'x Cy=(H'C'H)™
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General Linear Model:

z(t) = Z O:hi(t) +w(t),  w(t) ~N(0,6%)

x = HO+w
hl(to) hz(to) hM(to)
hi(t1) ha(t1) har(t1)
H = : : .
hitvo1) ho(tn_i) -+ har(tn_i)

MVU Estimator: § = (HTH) 'HTx

hi[t]: nonlinear function of t

hi(t) ="

hi(t) = exp (—2—22(75 - mz‘)2)




Example: Linear modeling of the SINC function

-0.4
-5

Model 1:  z(t) = A+ Bt +w(t), w(t) ~N(0,0°)

Model 2: z(t) = Z@ihi(t) +w(t), w(t) ~N(0,oc°) hi(t) = exp (
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Example: Linear modeling of the SINC function

N=50 N=100
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