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CRAMER-RAO LOWER BOUND
(CRLB)
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Estimator Accuracy
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Likelihood – distribution of data given parameters

Sharp

Large curvature -> more precise estimation of A is possible



Curvature of the Log-Likelihood Function
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Likelihood:

Log-likelihood:

Curvature:

Measure of curvature: ; Average curvature of log-likelihood



Theorem: Cramer-Rao Lower Bound (CRLB)
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Additional Facts about the CRLB
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Fisher Information



Regularity Condition
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Hence, 



Proof of CRLB
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- regularity
condition



Cauchy-Schwarz Inequality
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For random variables (r.v.):

; an inner product between two mean zero r.v.’s

; Cauchy-Schwarz Inequality

For vectors:



Back to the Proof of CRLB
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We have

Cauchy-Schwarz: 

Hence,



Proof of Additional Results
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In our case, this is when

Hence, 



Example 1
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Estimator: unbiased
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Regularity condition: 

Second derivative:

(checked)

CRLB:



Example 2
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Transformation of Parameters
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1. Nonlinear transformation does not preserve efficiency

Biased => not efficient
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2. Linear transform preserves efficiency

Efficient
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3. Efficiency is approximately maintained over a nonlinear transformation for a large dataset.
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Linearize g about A:

Under this approximation:

Asymptotically Efficient



CRLB for Vector Parameters

Prof. Songhwai Oh Estimation Theory 20



Prof. Songhwai Oh Estimation Theory 21

Vector parameter

CRLB:
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1. CRLB always increases as we estimate more parameters

2. Some parameters are more sensitive than others

i.e., B is easier to estimate
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r-dimensional function Jacobian matrix (r x p):

Vector Parameter CRLB for Transformations



Prof. Songhwai Oh Estimation Theory 27

CRLB for the General Gaussian Case

Appendix 3C

(scalar parameter)
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Matrix inversion lemma:

Woodbury identity:


