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CRAMER-RAO LOWER BOUND
(CRLB)



Estimator Accuracy

z[0] = A 4+ wl0], w[0] ~ N(0,07)

Likelihood — distribution of data given parameters

plal0: A) = = exp (5 (010 - 4

p1(x[0] = 3; A) p2(z(0] = 3; A)
Sharp
| — A *mr
1 3 4 5 6 1 2 3 4 5 6
(a) o1 =1/3 (b) o2=1

Large curvature -> more precise estimation of A is possible
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Curvature of the Log-Likelihood Function

. oy L 1 2
ielinoos: plal0:4) = s exp (55610 — 47
Log-likelihood: Inp(x[0]; A) = —In V27102 — 2%(:13[0] — A)?
o
Olnp(z[0; A) 1
WA~ alo] - 4)
2 :
Curvature: —8 In p([0}; A) — i
0A2 o2
As 02 | 0, the curvature 1 (better estimation).
. . ~ 1
For A = x[0], var(A) = 0?. —> var(4) = 92 In p(z[0];A)
o OA2
As var(A) | 0, the curvature 1 (better estimation).
0% lnp(x[0]; A
Measure of curvature: —I& ( a(AQ[ | )> ; Average curvature of log-likelihood
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Theorem: Cramer-Rao Lower Bound (CRLB)

Theorem: It is assumed that the probability density function
p(x; @) satisfies the regularity condition

E (8lng(9x; 9)> =0 for all 6, (1)

where the expectation is taken with respect to p(x;6). Then, the
variance of any unbiased estimator # must satisfy

1
82 Inp(xz;0) )
B ()

(2)

var(g) >
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Additional Facts about the CRLB

1. An unbiased estimator achieves the bound if and only if

01np(x;0)
00

= I(0)(g(z) —0)

for some functions I and g.

2. 0 = g(x) is the minimum variance unbiased estimator.

3. The minimum variance is 1/1(60), where

16) = E ((81ng(@x; 9)>2> o (32 lna];(Qx;H)) |

|

Fisher Information
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Regularity Condition

. (alnggz;;e)> o foralls . <alng(ex;9)> _ / alng(ex;e)p(x;e)dx
N / p(wl; 0) 3195;2 G)p(x;e)dx
_ / 8p(85139; 9 da 3
= % / p(; 0)dx
% ( / alng(f@) pla; 0)da = o) =0
/ (32 lna];(zx;ﬁ)p(x; 0+ alng(Hx;H) (9p§69; 9)) P
. (82 1nag;(2a;;9)> . / 81111(;(93:;9) alng(Hx;H)p(x; Dde —

Hence, T ((81n g(ex;m)?) o (@2 ma;;(f;e)) |
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Proof of CRLB

Let a = g(#). Consider all unbiased estimators & such that

% (/ ap(x; 0)dx = g(é’)) /&apg? 0) o agé_(em
/&alng(;c, 9>p(:13; 0\ — a%_(em

01n p(x;0) regularity
_\ alk ( 00 ) =0 condition
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Cauchy-Schwarz Inequality

For vectors:

[z, y)* < ||yl

For random variables (r.v.):

E(XY) = (X,Y)

/X(z)Y(z)p(z)dz

Prof. Songhwai Oh

{2, 9| = llzl[yll| cos 8] < |||y
equality if x = cy.

; an inner product between two mean zero r.vs

E(XY)‘Q < E(X2>E(Y2) ; Cauchy-Schwarz Inequality

< ( / X2<z>p<z>dz) - ( / Y2<z>p<z>dz)

Estimation Theory 9



Back to the Proof of CRLB

We have /(& o a)alng(exae)p(xe)dx — (9%(99)

Cauchy-Schwarz: /X(z) 2)p(z) dz < (/X2(z p(2)d ) (/W )

Let X(2)«+ & —a, Y(2) < %gc;m’ and p(z) < p(x;0).

G

< ([@-arpo) ( / (@lngg;”)%(w;emx)
\ ' ;
var(&)
Hence, (3%_(0@)2 (8%%0))2
var(a) 2 0\ g (@m0 oo st 1 (%) eed reol
E((@lngém,@)) ) —E( s ) we get the desired result.
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Proof of Additional Results

The Cauchy-Schwarz inequality becomes an equality if X (z) = ¢Y (2) for
some constant ¢, not depending on z.

Olnp(xz;0) 1,

In our case, this is when — Z(Ah —
00 c(a @)
0lnp(x;0) I
— — f p— p—
50 0(9)(9 6) ora=g(0) =10
To find ¢(0): O*Ilnp(x;0) 0 1 - 0)— 1
062 00 \ c(0) c(0)
K 02 In p(x; 0) 1
002 )
1 1
Hence c(f) = —
’ 82 In p(x;0 I
—E (Zhp0) 1)

— ) —E ((811&];(9:13; 9))2) o (aﬂna;;(f; 9)) |
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Example 1

zln] = A+whn]  wn] "= N(0,02)

N-1

.1 8
Estimator: A = N Z z[n] E(4) = A unbiased
n— < ].
° var(A) = NU2

o V2mo? 20
N-1
1 1
_ o — A)?
(27_‘_0_2)]\]'/2 eXp ( 2 — (x[n] ) )
Olnp(x; A) 1 = N, _ I e
94 ;nzo(w[n]—fl)—g(w—m fEZNn:OfL‘[n]
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Olnp(z;A) 1 > (z[n] — A) = %@—m

2
0A 0% =~
Regularity condition: Olnp(z; A)Y _ 0 (checked)
0A
2 :

Second derivative: 0” Inp(x; A) _ N

0A? o?

A 0'2 A
CRLB: var(A) > for any unbiased estimator A

N

. 2 7 . . . . .
e Since var(A4) = %, A is the minumum variance unbiased estimator.

e If an unbiased estimator achieves the CRLB, it is said to be efficient.
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Example 2

e Consider z[n| = s[n; 0] +w[n|, for n =0,1,...,N — 1.
e Likelihood of x := (z[0],...,z[IN —1]) is
N-1
1 1
pi0) = oz P (272 S
Olnp(x;0) iNE_:l( n] — s 0])85[77,;6’]
06 o & T
O*Inp(x;0) iNE_:l (z[n] — s .9])823[77,;0]
A TS
. O*lnp(x;0)\ 1 - ds[n; 0]\ °
002 - 02 —~ 00
) 2
var(f) > 2 5
N—1 [ 0s[n;0
Zn:O ( g@ ])
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(x[n] = s[n; 9])2>

s|n; 0]
00

(%))

Special case: s[n

0] =0.
Then CRLB = Z-.

2

o
N
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Transformation of Parameters



ii.d.
z[n] = A+wn], where w[n] "~ N(0,0°) CRLB for a = ¢(0):
Estimation of A% (o = g(A) = A?) (%)2
) >
(AZ) - (2A)2 4A20_2 V&I‘(Oé) e R (32 1%5(3;;9))
var — >
~ N/o? N
1. Nonlinear transformation does not preserve efficiency
N-—1 2
_ 1 _ o
:U—an:%x[n], T N<A’N>
Is z* efficient for A??
o2
E(z?) = E*(z)+var(z)= A%+ ~ Biased => not efficient
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zln] = A+wln],  where w[n] "< N (0, 0%) CRLB for o = g(6):
Estimation of A% (o = g(A) = A?) (@)2
R 0
2 2 2 var(&) > > .
var(4?) > 24 440 ~B(#55)
~ N/o2 N
2. Linear transform preserves efficiency
Assume: 0 efficient for 0, g(0) = ab + b (affine transform)
9(9) = g() = af +b
CRLB for g(0): )
E(af+b) = aE(f)+b=af+b _ (%)
>
— g(e) Var(g(e)) = I(H)
— . . ZION.
var(g(0)) = var(af + b) = a®var(f) — = ( 90 ) var(f)
Efficient = qa?var(0)

Prof. Songhwai Oh Estimation Theory 17



3. Efficiency is approximately maintained over a nonlinear transformation for a large dataset.

1 = o2
T — — T ~ A —_
T= nz::O x[n], T ~N ( : N)
72 is approximately unbiased CRLB for AZ:

(24)?  4A%°
N/oc? N

var(#%) = E(z") — B*(Z°) var(A?%) >

4A%0?2 204 B 2 2
- as N — oo, var(z?) — 42-

N +N2

PDF of

8

i
A-— A A+

37 39
vN VN
(a) Small N (b) Large N
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N-1 2 CRLB for AZ?:
B 1 B o O
S DI B (4.%) oy 5 QAV _ 407
"= — N/o? N
g(z) = z°

Linearize g about A:
dg(A)

9(3) ~ 9(4) + L2z - 4)

Under this approximation:

Elg(z)] = g(A) = A?

0]
(2A)%0?

N
4A%0?

N

var(g(Z)]

I

Asymptotically Efficient
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CRLB for Vector Parameters



Vector parameter 0, an unbiased estimate of 6.

-9,
0 CRLB:
0= . var(6;) > [17(9)] . I(0), Fisher information matrix
' 2 In p(x; )
N/ 10..=_E[8 P
[ )]" 00,00,
x[n] = A+w(n], where w|n] bR N(0,c%) Unknowns: A and o
N N 1 =2 5 p(x: 0 L Vo
In p(x;0) = ) In 27 — 0 Ino? — 907 nz:o(a:[n] ~ A)? Lg%’_) = - ;(m[n] — A)
C [®hpx;0)] [0 lnp(x;6)] T Omp(xi6) _ N 1NN oon 4
1(6) _E- 0A? )_ —F ‘ BA%(a? )_ 0o’ 207 T 201 n:O(x[n] A
= 2 .
6% In p(x; 0)] 8 In p(x; 0)] Fhnpx6) _ N
-F 0020A —E 8022 04 ’ N-1
- . - - d - 0% In p(x; 6) 1 «—
N pAseT = o ZD(“’["]"A)
— ;i . 2 . N-1
= N R o2 *Inp(x;0) i_}_ a2
i 0 951 var(A) > N 902 = 554 56 ;(m[n] A)°.
. 4
var(c?) 2> 27(\7]*
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rln] = A + B+ wln]
9 =[AB

N-1

p(x; ) = (Q—WIZT exp {—272 > (zln] - A-

n—

0lnp(x; 0) 1 _A_B
AA - g Z_;O(x[n] n)
d1np(x;0) 1 =
9B sz ;(-’E[n] —A- Bn)n
i N-1 7
(6 | nz_;n
( ) = ? N-1 N-1
don 3w
L n=( n=0 ¥
N N(N - 1)
- 1 2
| N(N=1) N(N-1)@2N —1)
2 6
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Bn)z}

#lnp(x;8) N
5Az . T T2
0° Inp(x; 6) ] N
6408 = "o "
62 lnp(x; 9) 1 N-—1
582 = T3 r;)nz
F 2(2N -1) 6
N(N+1)
I-1(9) = o (N +1) N(N +1)
__ 6 12
. N(N+1) N(N2-1) |
: 2(2N — 1)o*
var(d) > (N(N+§
n 12 2
\WW)2‘MNi4y
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1. CRLB always increases as we estimate more parameters
A 2
e When only A is unknown, var(A) > %-.

e When both A and B are unknown, var(fl) > 2(2N—1)o”

N(N+1) -
2(2N—1)o2 o2
e For N >2, 2G8F1e > o
2. Some parameters are more sensitive than others
CRLBU}) = 2N - 1)(N —1) >1 for N > 3. i.e., B is easier to estimate
CRLB(B) 6
z[n] = A + Bn + win] n=01...,.N—-1
z[n] z[n}
4 — 4 — T
dz[n]
3 3] . Az[n] = 5A AA = AA
Oz|[n]
7 27 ~J =
2 Az(n| 3B AB =nAB
1 1 - I
B — -
1 2 3 4 1 2 3 4
(a) A=0,B=0toA=1,B=0 (b) A=0,B=0toA=0,B=1
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Theorem 3.1 (Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 0) satisfies the “regularity” condition

Olnp(x;0)
5|5

where the expectation is taken with respect to p(x;0). Then, the variance of any unbiased
estimator 0 must satisfy

]:0 for all @

1
0% In p(x; 6)
5[]

where the derivative is evaluated at the true value of 0 and the expectation 1s taken with

respect to p(x;0). Furthermore, an unbiased estimator may be found that attains the
bound for all 0 if and only if

TP — H6)(o(x) - 6) (3.7)

va.r(é) =

(3.6)

for some functions g and I. That estimator, which 1s the MVU estimator, 1s 6 = g(x),
and the minimum variance s 1/1(0).
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Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It s assumed
that the PDF p(x;0) satisfies the “regularity” conditions

dln p(x;0)
5| =5

where the erpectation is taken with respect to p(x;8). Then, the covariance matriz of
any unbiased estimator 8 satisfies

]:0 for all @

C;,-1'8)>0 (3.24)

where > 0 is interpreted as meaning that the matriz is positive semidefinite. The Fisher
information matriz 1(8) is given as

2 X;
NoN, = -8 |

where the derivatives are evaluated at the true value of @ and the expectation is taken

with respect to p(x;8). Furthermore, an unbiased estimator may be found that attains
the bound in that C; = 1"'(0) if and only if

0 1n p(x;0) _ B
e QTR (3.25)

for some p-dimensional function g and some p x p matriz I. That estimator, which 1s

the MVU estimator, is 8 = g(x), and its covariance matriz is 17 (8).
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Vector Parameter CRLB for Transformations

o= g(O) r-dimensional function
6 T
C. — 68(0)1—1 (9)289)" 3(0) >0
og(@)
ii.d. o o0
z[n] = A + w[n], where win] "~ " N(0,0%).
e Unknowns: A and ¢
e Estimate a = f—j (SNR)
dg9(0) [ 0g(8) 09(8) ] _ [ 0g(8) 9g(8)
00 | 801 802 BA Oo?
_[24 _éi]
| o2 ot
o 0 2A
og(@) __ 0g(6)T 24 A? N a2
Xk = |4 ";‘4'][1; 204“_";4_’_]
‘N ot
_o4ar | 24
~ No? Not
B 4a + 20
- N

Prof. Songhwai Oh
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|

Jacobian matrix (r x p):

[ 091(0) 04:1(0) 091(8)
90, 08, 08,
0g2(0) 0g.(0) 0g2(8)
50, 06, 00,
99-(8) 0g.(6) 09.(0)
86, 06, 00,

A 4a + 2a
var(@) >

26



CRLB for the General Gaussian Case

x ~ N (u(8),C(9))
ou)1" (6
xo), = | %2 o ‘(0)[ o )]
l 1, 8C( ac(6) Appendix 3C
+ 2tr’C (0)——— ) 50, ]
[ Op@)] " 9[C(0)]1,  O[C(8)),
60, 89, 60,
ou(0) O[p(0))- aC(0) 9(C(0)]21  [C(8)]22
50, 2 90~ 86, 88,
Apu(6)) SCO):  ACO)]n:
00; T 50,

x ~ N(u(9),C(6))

(scalar parameter)

16) = [f’_‘b{gﬂ] () [3#(9)]

+ %tr [(C_,(G)BC(())) ]

Prof. Songhwai Oh Estimation Theory

IC(B)in -
06;

9[C(8)]2~
00;

9[C(0)]nn
00,
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x[n] = A + w(n], where [C(Ui)]ij = E[z[i —1llz[j — 1]]
o wln] ~N(0,07) = E[(A+wli—1])(A+w[; - 1])]
o ANN(()’O'%) = 0,24+0251'3‘.

Matrix inversion lemma:
(A + BCD)"l =A!'— A‘lB(DA‘lB + C_l)'lDA‘l

C*l(az)zi I o? T Woodbury identity: A-tyuTA-!
A o2

C(c%) = 04117 + 01

o2 + No2 (A+wu’)™ = AT -7 +uTATu
S e bt
oo = ] - 5 (i) w0”
10 = [%O] o) [240] - 3(z +NN03)2
. [(c—l(o) ) ] (o) 2.2 (4 + %)2
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