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Generative Adversarial Networks
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How can we generate more realistic images?
Our Answer: Generative Adversarial Network (GAN)

(Source: Dev Nag, Medium)



Generative Adversarial Networks (GAN)
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• Discriminator (blue dashed line) 
• Discriminates between samples from the data generating 

distribution (black dotted line) from those of the Generator (green 
solid line)

• Generator (green solid line)
• The objective of the Generator is to learn the data generating 

distribution so that it can deceive the Discriminator
• Generative adversarial nets are trained by making a competition between 

the Generator and the Discriminator. 
• The theoretical results from [4] shows that the Generator converge to a 

good estimator of the data generating distribution, and the Discriminator
fails to discriminate the real and fake data.

[4] Goodfellow, Ian, Jean Pouget‐Abadie, Mehdi Mirza, Bing Xu, David Warde‐Farley, Sherjil Ozair, Aaron Courville, and 
Yoshua Bengio. "Generative adversarial nets." In Advances in neural information processing systems, pp. 2672‐2680. 2014.



State‐of‐the‐Art GANs
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[1] Phillip Isola, Jun‐Yan Zhu, Tinghui Zhou, Alexei A. Efros , “Image‐to‐Image Translation with Conditional Adversarial Nets,” CVPR 2017.
[2] Karras, T., Aila, T., Laine, S., & Lehtinen, J. Progressive growing of GANs for improved quality, stability, and variation. ICLR 2018.

[1]

[2]



DEEP INSPIRATION
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Donghoon Lee, Sangdoo Yun, Sungjoon Choi, Hwiyeon Yoo, Ming‐Hsuan Yang, and Songhwai Oh, "Unsupervised Holistic Image 
Generation from Key Local Patches," in Proc. of the European Conference on Computer Vision (ECCV), Sep. 2018.



Related Work

Motivation Challenges

Proposed
algorithm

GenerationInputObject fragments
 A spatial relationship between input patches
need to be inferred.

 Generated image should look like a real image.

 Generated image should contain input patches
without significant modifications.

Can we generate an image conditioned on 
the appearances of local patches?

[1] Carl Doersch, Abhinav Gupta, and Alexei A. Efros, “Unsupervised visual representation learning by context prediction”, ICCV 2015
[2] Scott Reed, Zeynep Akata, Santosh Mohan, Samuel Tenka, Bernt Schiele, and Honglak Lee, "Learning What and Where to Draw", NIPS 2016

It predicts a few relative locations of two patches

[1] [2]

It cannot generate an image
+
‐

It draws an image conditioned on an input text and part locations
Part locations must be labelled in the training set

+
‐
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Key local patches

They are informative local regions to generate an entire image

The EdgeBox is used to detect key patches (no labelling costs)

Skip connections
Input 1 Input 2 Input 3 Proposed

network
Without skip
connections

Real

Skip connections of U‐net helps to improve the generation quality

Our approach
Part encoding (Siamese network)

Input
patch

1

Input
patch

Mask prediction (U-network)

Image generation (Doubled U-network) Real-fake discriminator

Spatial loss

Appearance loss

Real-fake
loss

Real image
and the mask,     

Key part detection
(Objectness)

Detected key parts,    Generated image,

Generated mask,ܩெ ݔ

ூܩ ,ݔ ݖ
ݔ

ܯ
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Our approach
Part encoding (Siamese network)

Input
patch

1

Input
patch

Mask prediction (U-network)

Image generation (Doubled U-network) Real-fake discriminator

Spatial loss

Appearance loss

Real-fake
loss

Real image
and the mask,     

Key part detection
(Objectness)

Detected key parts,    Generated image,

Generated mask,ܩெ ݔ

ூܩ ,ݔ ݖ
ݔ

ܯ

Loss function
min
ீಾ,ீ಺

max
஽

ோܮ ,ூܩ ܦ ൅ ௌܮଵߣ ெܩ ൅ ஺ܮଶߣ ,ெܩ ூܩ

ௌܮ ெܩ ൌ ௫~௣೏ೌ೟ೌܧ ௫ ,	ெ~௣೏ೌ೟ೌ ெ ெܩ ݔ െ ܯ ଵ

஺ܮ ,ெܩ ூܩ ൌ ௫,௬~௣೏ೌ೟ೌܧ ௫,௬ ,	௭~௣೥ ௭ ,	ெ~௣೏ೌ೟ೌ ெ ூܩ ,ݔ ݖ ⊗ ெܩ ݔ െ ݕ ܯ⊗ ଵ

ோܮ ,ூܩ ܦ ൌ ௬~௣೏ೌ೟ೌܧ ௬ logܦ ݕ ൅ ௫,௬,௬ᇲ~௣೏ೌ೟ೌܧ ௫,௬,௬ᇲ ,	ெ~௣೏ೌ೟ೌ ெ

log 1 െ ܦ 1 െܯ ூܩ⊗ ,ݔ ݖ ൅ ⊗ܯ ݕ ൅ log 1 െ ܦ 1 െܯ ⊗ ᇱݕ ൅ ⊗ܯ ݕ

log 1 െ ܦ ூܩ ,ݔ ݖ ൅ log 1 െ ܦ ூܩ⊗ܯ ,ݔ ݖ ൅ 1 െܯ ⊗ ݕ ൅
ሾ

ሿ

Real‐fake loss

Spatial loss

Appearance loss
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Image Generation Results (CompCars dataset, 128x128 pixels)
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Image Generation Results (CompCars dataset, 128x128 pixels)
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More Results (CelebA, SNU pottery, SNU waterfall, Flowers102 datasets)
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TEXT2ACTION: MAKE A ROBOT ACT LIKE
A HUMAN JUST BY TELLING
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Hyemin Ahn, Timothy Ha, Yunho Choi, Hwiyeon Yoo, and Songhwai Oh, "Text2Action: Generative Adversarial Synthesis from 
Language to Action," in Proc. of the IEEE International Conference on Robotics and Automation (ICRA), May 2018.



Text2Action: Experimental Results
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Text2Action Network

15Introduction to Deep LearningProf. Songhwai Oh (ECE, SNU)

Text2Action: Generative Adversarial Synthesis from Language to Action
• A neural network generating the human behavior which is described by a 

given sentence. 

If we want to create this network, what specific tasks should we do?

1. How to handle an input sentence (natural language)
• What is a “Sentence”?

• Sequence of characters / words

• From the input sentence, how can we encode features 

related to the action?

2. How to generate the action from the processed language feature
• What is an “Action”?

• Sequence of poses in time.

• In order to generate the each pose, how can we transfer 

the feature vector which is encoded from the input 

sentence?

Word2Vec
RNN

Sequence
to Sequence



Text2Action Network
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Text Encoder
• 256 dimension 

for the LSTM 
hidden state 
vector

• Adam Optimizer 
with the learning 
rate 5 ൈ 10ିହ is 
used for training

Generator
• 256 dimension 

for the LSTM 
hidden state 
vector

• Adam Optimizer with the learning rate 2 ൈ 10ି଺ is used for training 
Discriminator
• 256 dimension for the LSTM hidden state vector
• Adam Optimizer with the learning rate 2 ൈ 10ି଺ is used for training 



Text2Action: Details
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Maximal sentence length  : 18 words except spaces

Output pose dimension : 24 dimension (8 joints, 3 dimension for each joint)

Output action length  : 10 seconds

Frame rate  : 10 frames per second

Example
Input sentence : A chef is cooking a meal in the kitchen
Output action:



NESTEDNET: NESTED SPARSE NETWORKS
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Eunwoo Kim, Chanho Ahn, and Songhwai Oh, "NestedNet: Learning Nested Sparse Structures in Deep Neural Networks," in 
Proc. of the IEEE Conference on Computer Vision and Pattern Recognition (CVPR), Jun. 2018. (Spotlight Presentation)



Related Work
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Going deeper and denser …

ResNet (CVPR’16 Best Paper)

DenseNet
(CVPR’17 Best Paper)

Over‐parameterized & highly redundancy
Difficult to achieve real‐time inference

Going to a compact network

sparse deep network (NIPS’15)

Low‐rank deep network (ICLR’17)

Approximating weight tensors
Save memory storage & faster inferencing

Prof. Songhwai Oh (ECE, SNU) Introduction to Deep Learning



Network‐in‐Network
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Budget 1
(Desktop)

Learner 1

Learner 2

Learner n

Budget 2
(Laptop)

Budget n
(Phone)

⋮ ⋮

Different hardware computing capabilities

…

⊆ ⊆ ⊆

n‐in‐1 Nested LearnerExisting Deep Learner

Why it is possible? Unnecessary redundancy of existing deep networks.
We can fully utilize deep networks with a nested learner for multiple tasks.
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Training NestedNet
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N‐in‐1 nested sparse network (with anytime prediction)

Core level Level 2 Level 3

Input Layer 1
Layer 2

Layer n
Output

…

Full level
⊆ ⊆ ⊆

min
ௐ

		
1
݈௡
෍ࣦ ܻ, ݂ ܺ, ஐ࣪ಾೕ ܹ ൅ ߣ ⋅ ࣬ ஐ࣪ಾ೗೙	

ܹ
௟೙

௝ୀଵ
.ݏ ௝ܯ.ݐ ⊆ ,௞ܯ ݆ ൑ ݇, ∀݆, ݇ ∈ 1,… , ݈௡

Train

Test
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Experiments: Knowledge Distillation
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Results on CIFAR‐10 

Knowledge Distillation Learned filters and activations
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Hierarchical representation
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lv1

lv2
lv3
lv4

lv5

Nested structure for class hierarchy

Classification accuracy on CIFAR‐100

Classification accuracy on ImageNet

Experiments: Hierarchical Classification
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DEEP REINFORCEMENT LEARNING
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• Markov decision processes (MDPs)
– Complete model is known

• Reinforcement learning (RL)
– Use observed rewards to learn an optimal policy for the environment
– Complete model is not known

• Methods
• Q‐learning
• Actor‐critic
• Policy gradient
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Reinforcement Learning (RL)

Video Games, 2013 AlphaGo, 2016 Autonomous Driving, 2018



• Inverse reinforcement learning (IRL)
• For many complex problems, designing the reward function is 
extremely challenging.

• Learn the reward function from expert’s demonstrations
• Imitation learning or learning from demonstration
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Inverse Reinforcement Learning (IRL)

Conditional 
Imitation learning
for driving, 2018
(Intel)



Markov Decision Processes (MDP)
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ܵ: states
actions :ܣ
ܶ: transition model
reward function :ݎ

ܵ) policy :ߨ → (ܣ

Markov Decision Process
Goal

Definition

 A set of states ݏ ∈ ܵ
 Each cell in the grid map
 A set of actions ܽ ∈ ܣ
 Up, Down, Right, Left, Stay
 Transition probability
 ܲ ,ݏ|ᇱݏ ܽ

 Reward function ݎ ,ݏ ܽ
 Initial state distribution d
 ܲ ଴ݏ ൌ ܴܶܣܶܵ ൌ 1
 Terminal states (Optional)

Source: AIMA



Markov Decision Processes (MDP)

• Goal of MDPs: find an optimal policy ߨ∗: ܵ → ܣ
– A policy ߨ	gives an action ܽ for each state ݏ
– An optimal policy maximizes the expected sum of rewards
– Markov decision problem

																				max
గ

		ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ
ஶ

௧ୀ଴

• Bellman Equation (optimal condition of MDPs)
• ܳ ,ݏ ܽ ൌ ݎ ,ݏ ܽ ൅ ߛ ∑ ܸ ᇱݏ ܲሺݏᇱ|ݏ, ܽሻ௦ᇱ

• ܸ ݏ ൌ max
௔

ܳ ,ݏ ܽ

• ሻݏሺߨ ൌ argmax
௔

ܳ ,ݏ ܽ
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Optimal Policy

Q‐function

Value function

Policy



DEEP Q‐NETWORK (DQN)

Mnih, Volodymyr, Koray Kavukcuoglu, David Silver, Alex Graves, Ioannis Antonoglou, 
Daan Wierstra, and Martin Riedmiller. "Playing Atari with deep reinforcement 
learning." NIPS Deep Learning Workshop 2013
Mnih, Volodymyr, Koray Kavukcuoglu, David Silver, Andrei A. Rusu, Joel Veness, Marc G. 
Bellemare, Alex Graves et al. "Human‐level control through deep reinforcement 
learning." Nature 518, no. 7540 (2015): 529.
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Q‐Learning with DNNs
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Bellman equation (optimality condition):

‐> value iteration

Q‐network, ܳሺݏ, ܽ; ,ݏሻ, approximates ܳ∗ሺߠ ܽሻ and is learned by minimizing:

,ݏሺߩ ܽሻ: probability distribution over ݏ and ܽ.

Target value is not fixed (cf. supervised learning)

Stochastic gradient descent to learn ߠ:

Issues: correlated data and non‐stationary distribution     ‐> make Q‐learning unstable
Solution: experience replay



Deep Q‐Learning with Experience Replay
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߳‐greedy

Fixed length 
of sequence
(last 4 frames)

minibatch = 32



DQN
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Input: 84 x 84 x 4 image, 3 convolutional layers, 2 fully connected layers



Target Network (Final Version)
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• Issues with Q‐learning with 
function approximation: update 
that increases ܳ ,௧ݏ ܽ௧ 	can also 
increase ܳ ,௧ାଵݏ ܽ௧ାଵ 	for all 
ܽ௧ାଵ	and increase target ݕ௜, 
leading to oscillation or 
divergence.

• A separate network to generate 
the target values, ݕ௜.

• A target network makes an 
algorithm becomes more stable.

Target network update

Target network

*clipping the error term between [‐1,1]



Training

• Different networks for different games but the same 
architecture and hyperparameters

• RMSProp: divides the learning rate by a running 
average of recent gradient magnitudes

• Trained for 50 million frames (38 days of gaming)
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Results
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Breakout

Space Invaders



Key ingredients in DQN

• Experience replay
• Target network
• Error clipping

• and “a lot of engineering”
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DOUBLE Q‐LEARNING

H. van Hasselt, A. Guez, and D. Silver, "Deep reinforcement learning with 
double q‐learning," in Proc. of the AAAI Conference on Artificial 
Intelligence (AAAI), Feb, 2016.
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Double Q‐Learning

• DQN is likely to select overestimated values ‐> overoptimistic 
value estimates

• Decouple the selection from the evaluation
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cf. DQN: 

selection

evaluation 

ܳ ,ݏ ܽ ൌ 	ܸ∗ ݏ ൅	߳௔,     ߳௔~௜௜ௗࣨሺ0,1ሻ

(uses the target network)



Comparison
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PRIORITIZED EXPERIENCE REPLAY

T. Schaul, J. Quan, I. Antonoglou, and D. Silver, "Prioritized Experience 
Replay," ICLR, 2016
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Prioritized Experience Replay
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Uniform if ߙ ൌ ߚ ;0 ↑ 1



Comparison with Double DQN

Prof. Songhwai Oh (ECE, SNU) Introduction to Deep Learning 43



DUELING DQN

Wang, Ziyu, Tom Schaul, Matteo Hessel, Hado Van Hasselt, Marc Lanctot, 
and Nando De Freitas. "Dueling network architectures for deep 
reinforcement learning." in Proc. of the International Conference on 
Machine Learning (ICML), Jun, 2016.
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Dueling Architecture
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Q values

State value

Advantages

Dueling

DQN

Advantage:

Dueling: Updates state values more often ‐> Better estimates



Forward Mapping for Q
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• Makes a greedy action have zero 
advantage

• Addresses the identifiability issue

• Increases the stability of the 
algorithm

• Also addresses the identifiability 
issue
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Dueling vs. Double DQN Dueling vs. Prioritized Double DQN

Results



SPARSE REINFORCEMENT LEARNING

48Introduction to Deep LearningProf. Songhwai Oh (ECE, SNU)

• Kyungjae Lee, Sungjoon Choi, Songhwai Oh, "Maximum Causal Tsallis Entropy Imitation Learning", in Proc. of Neural 
Information Processing Systems (NIPS), Dec. 2018.

• Kyungjae Lee, Sungjoon Choi, and Songhwai Oh, "Sparse Markov Decision Processes with Causal Sparse Tsallis Entropy 
Regularization for Reinforcement Learning," IEEE Robotics and Automation Letters, vol. 3, no. 3, pp. 1466‐1473, Jul. 2018.



Optimal Policy
• Optimal policy of an MDP: ߨ ݏ ൌ argmax

௔
ܳ ,ݏ ܽ

• Deterministic function
• An agent selects the exact same action 
at the same state

• It can cause drawbacks in presence of  
multiple optimal actions

• Knowing multiple optimal action choices can be useful for real 
world problems

• Go and chess
• Driving a car and avoiding obstacles
• Robustness against: 

– Unexpected or dynamic events
– Modeling and estimation errors
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Stochastic Policies

– A stochastic policy can provide multiple action choices

– Softmax distribution: widely used stochastic policy 
function

– Probability is exponentially proportional to the state action 
value Q(s,a)

– Softmax policy function:
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Softmax Policy

ሻݏ|ሺܽߨ ൌ
exp	ܳሺݏ, ܽሻ

∑ exp	ܳሺݏ, ܽ′ሻ௔ᇱ



Soft MDPs

– The softmax distribution is the optimal solution of a soft 
MDP problem:

max
గ

		ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ
ஶ

௧ୀ଴

൅  ሻߨሺܪߙ

subject	to				∀	ݏ, ܽ						෍ߨ ܽ ݏ
௔

ൌ 1, ߨ ܽ ݏ ൒ 0

• Causal entropy regularization : 
ܪ ߨ ൌ ॱ െ∑ ௧ߛ logሺߨ ܽ௧|ݏ௧ ሻஶ

௧ୀ଴

• It finds an optimal policy distribution ߨ ܽ ݏ (not a deterministic 
function)

• ܪ ߨ gives extra rewards to a multi‐modal distribution
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Soft Bellman Equation

– Optimal condition of soft MDPs
• ܳ ,ݏ ܽ ൌ ܴ ,ݏ ܽ ൅ ߛ ∑ ܸ ᇱݏ ܲሺݏᇱ|ݏ, ܽሻ௦ᇱ

• ܸ ݏ ൌ log	ߙ ∑ exp ொ ௦,௔ᇲ

ఈ௔ᇲ

• ߨ ݏ|ܽ ൌ
ୣ୶୮ ೂ ೞ,ೌ

ഀ

∑ ୣ୶୮ ೂ ೞ,ೌᇲ

ഀೌᇲ

• Softmax policy can represent multiple optimal actions
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Original MDP (Deterministic)

,ܛሺۿ	ܠ܉ܕ܏ܚ܉ ሻ܉ 	

Soft MDP (Stochastic)

,ܛሺۿ	ܘܠ܍ ሻ܉ 	



Drawback of Softmax Distribution

– Softmax policy assigns non‐negligible probability mass to non‐
optimal actions even if state‐action values of these actions are 
dismissible

– This behavior causes a performance drop (Theorem 5)
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Original MDP (Deterministic)

,ܛሺۿ	ܠ܉ܕ܏ܚ܉ ሻ܉ 	

Soft MDP (Stochastic)

,ܛሺۿ	ܘܠ܍ ሻ܉ 	

ܽଵ, …… , ܽ௜, … , ௝ܽ, …… , ܽ௡

Non‐negligible probability

Non‐optimal actions



Sparse Policy Distribution

• Drawback of softmax distribution: performance drop due to 
the non‐optimal actions

• Sparse MDPs
• Optimal policy is a sparse and multi‐modal distribution
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Original MDP (Deterministic)

,ܛሺۿ	ܠ܉ܕ܏ܚ܉ ሻ܉ 	

Soft MDP (Stochastic)

,ܛሺۿ	ܘܠ܍ ሻ܉ 	

Sparse MDP (Stochastic)

,ܛሺۿ ሻ܉ 	

ߨ ݏ ൌ
argmax	Qሺs, aሻ 	 ߨ ܽ ݏ ൌ

exp	Qሺs, aሻ
ܼ 	 ߨ ܽ ݏ ൌ

max Q ,ݏ ܽ െ ߬, 0 	



Sparse Markov Decision Processes (MDP)

55Introduction to Deep LearningProf. Songhwai Oh (ECE, SNU)



Sparse MDP Problem

• Sparse MDP Problem:

max
గ

		ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ
ஶ

௧ୀ଴

൅  ሻߨሺܹߙ

subject	to				∀	ݏ, ܽ						෍ߨ ܽ ݏ
௔

ൌ 1, ߨ ܽ ݏ ൒ 0

• Causal Sparse Tsallis Entropy Regularization: 

ܹሺߨሻ ൌ ॱ ෍
௧ߛ

2 ሺ1 െ ௧ሻሻݏ|ሺܽ௧ߨ
ஶ

௧ୀ଴
• ܹ ߨ gives extra rewards to multi‐modal policy distribution, but 
weaker than ܪ ߨ
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Sparsemax Policy



Tsallis Entropy
– Tsallis entropy: 

• ܵ௤,௞ ݌ ൌ ௞
௤ିଵ

1 െ ௜݌∑
௤

• Generalization of the standard Boltzmann–Gibbs entropy
• Since 2000, Tsallis entropy is widely used in the field of physics, 
information theory, and social science

• Tsallis entropy (nonadditive) has been used to describe complex 
phenomena that cannot be explained by the Boltzmann–Gibbs entropy 
(additive)

– Tsallis entropy has been successfully applied to explain:
• The fluctuation of the magnetic field in the solar wind
• The velocity distributions in dissipative dusty plasma
• Thermostatistics of overdamped motion of interacting particles
• Heavy tail distributions are derived from a maximum Tsallis entropy 
problem
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Constantino Tsallis, "Possible Generalization of Boltzmann‐Gibbs statistics," Journal of statistical physics 52.1 (1988): 479‐487.



Sparse Tsallis Entropy Regularization

• Tsallis entropy: ܵ௤,௞ ݌ ൌ ௞
௤ିଵ

1 െ ௜݌∑
௤

– ݍ is called entropic‐index
– ݇ is a positive real constant

• Special cases:

– Boltzmann–Gibbs entropy:  ଵܵ,ଵ ݌ ൌ lim
௤→ଵ

∑ ଵି௣೔
೜షభ ௣೔

௤ିଵ
ൌ ∑െ݌௜ log ௜݌

– Sparse Tsallis entropy:  ܵଶ,భమ
݌ ൌ ଵ

ଶ
௜ሺ1݌∑ െ ௜ሻ݌

• Causal Sparse Tsallis Entropy Regularization:

ܹሺߨሻ ൌ ॱ ෍
௧ߛ

2 ሺ1 െ ௧ሻሻݏ|ሺܽ௧ߨ
ஶ

௧ୀ଴

– ܹሺߨሻ is an extension of sparse Tsallis entropy to the causally conditioned 
random variables
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ॱ ∑ ఊ ሺ1 െ ௧ሻሻஶݏ|ሺܽ௧ߨ
௧ୀ଴ ൌ ∑ గߩ ݏ ଵ∑ ሻሺ1ݏ|ሺܽߨ െ ሻሻ௔௦Theoremݏ|ሺܽߨ 2. ॱ ∑ ఊ೟

ଶ
ሺ1 െ ௧ሻሻஶݏ|ሺܽ௧ߨ

௧ୀ଴ ൌ ∑ గߩ ݏ ଵ
ଶ
∑ ሻሺ1ݏ|ሺܽߨ െ ሻሻ௔௦ݏ|ሺܽߨ



MDP vs. Soft MDP vs. Sparse MDP
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,ܛሺۿ	ܠ܉ܕ܏ܚ܉ ሻ܉ 	 ,ܛሺۿ ሻ܉ 	

Problem Original MDP (Deterministic) Soft MDP (Stochastic) Sparse MDP (Stochastic)

Objective 
function ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ

ஶ

௧ୀ଴

ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ
ஶ

௧ୀ଴

൅  ሻߨሺܪߙ ॱ ෍ߛ௧ݎሺݏ௧, ܽ௧ሻ
ஶ

௧ୀ଴

൅  ሻߨሺܹߙ

ܳ ,ݏ ܽ ݎ ,ݏ ܽ ൅ ෍ܸߛ ᇱݏ ܲሺݏᇱ|ݏ, ܽሻ
௦ᇱ

ܸ ݏ max
௔

ܳ ,ݏ ܽ log	ߙ ෍exp
ܳ ,ݏ ܽᇱ

ߙ
௔ᇲ

ߙ
1
2 ෍

ܳ ,ݏ ܽᇱ

ߙ

ଶ

െ ߬ଶ

௔ᇲ∈ௌሺ௦ሻ

൅
1
2

ߨ ܽ ݏ argmax
௔

ܳ ,ݏ ܽ 1
ܼ exp

ܳ ,ݏ ܽ
ߙ max

ܳ ,ݏ ܽ
ߙ 	െ ߬, 0

,ܛሺۿ	ܘܠ܍ ሻ܉ 	



Value Iterations: MDP, Soft MDP, Sparse MDP
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Algorithm Value Iteration Soft Value Iteration Sparse Value Iteration

Bellman
Operation

ܷ ݔ ൌ max	ݍሺݏ,⋅ሻ ܷ ݔ ൌ log	ߙ ෍exp
ݍ ⋅,ݏ
ߙ

௔ᇲ
ܷ ݔ ൌ spmax	ߙ

ሻ⋅,ݏሺݍ
ߙ

ݍ ,ݏ ܽ ൌ ݎ ,ݏ ܽ ൅෍ݔ ᇱݏ ܶ ᇱݏ ,ݏ ܽ
௦ᇲ

Method ௜ାଵݒ ൌ ܷ ௜ݒ

Sparsemax Operation

ܸ s ൌ spmax	ߙ
ܳ 	⋅,ݏ
ߙ ≔ ߙ

1
2 ෍

ܳ ,ݏ ܽᇱ

ߙ

ଶ

െ ߬
ܳ ⋅,ݏ
ߙ

ଶ

௔ᇲ∈ௌሺ௦ሻ

൅
1
2

Theorem. Following inequalities hold:

ॱగ∗ ,ݏሺݎ ܽሻ െ
ߙ

1 െ ߛ
ࣛ െ 1
2|ࣛ| ൑ ॱగೞ೛ ,ݏሺݎ ܽሻ ൑ ॱగ∗ ,ݏሺݎ ܽሻ

ॱగ∗ ,ݏሺݎ ܽሻ െ
ߙ

1 െ ߛ logሺ|ࣛ|ሻ ൑ ॱగೞ೚೑೟ ,ݏሺݎ ܽሻ ൑ ॱగ∗ ,ݏሺݎ ܽሻ

where ,∗ߨ ,௦௣ߨ and ௦௢௙௧ߨ are the optimal policy obtained by the original MDP, soft MDP, and
sparse MDP, respectively, and |ࣛ| is the number of action.



Wrap Up

• Generative adversarial networks
• NestedNet
• Deep reinforcement learning
• Sparse RL
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